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Abstract. This report is meant to demonstrate the actions performed by a
branch-and-bound algorithm for global optimization on a simple minimization
problem. McCormick relaxations are used to construct piecewise affine underes-
timators of the objective function.

1 The branch-and-bound algorithm

The branch-and-bound algorithm is used in global optimization to find the global
minimum of an objective function f(x), x € R™, by bounding its value between
an upper and a lower bound. After calculating the bounds, the optimization
variables’ set is partitioned (branching) and the procedure is repeated on all
subsets. In two cases a subset is not partitioned any further: either if its bounds
have converged or if it can be fathomed. When the values of the lower and
upper bound are within an absolute or relative tolerance defined by the user,
they are considered to have converged. If the lower bound of a subset attains a
higher value than the upper bound this subset is fathomed. If ub’ is the upper
bound of the subset S?, then 3z € S° : f(x') < wub’. A lower bound I of
a subset S’ with a higher value than this upper bound, It/ > wub’, results in
ot € S': f(ad) > Y > ubt > f(a') Vo € S7. Hence, the global minimum
cannot be within the subset S’ as all values within the subset are definitely
higher than a value previously found in the subset S*. Typically, only one upper
bound is stored, the lowest one found so far, while the lower bounds are different
for each subset. The reason for this is that the upper bound is a value that is
actually taken by the function at a specific point, while the lower bounds are
underestimators. This means that an interval with a smaller lower bound than
another does not necessarily lead to a lower value, as the bound may be lower
due to a weaker relaxation.

To illustrate the workflow of the branch-and-bound algorithm, a simple exam-
ple with only one optimization variable is considered here: Minimize the objective

function
f(z) = /|z] +0.01 - 23

with x € [—7,5]. As can be seen in Figure 1, this function attains its minimum
f* = —0.784 at x = —7. Additionally, a suboptimal local minimum exists at
x = 0 with an objective value of 0. The relative tolerance is set to zero and the
absolute tolerance to 0.5. This means that the solver will consider a subset to
have converged (i.e., not consider any further subdivisions on this subset) if the
difference between the upper and lower bound is less than or equal to 0.5. Note
that the value 0.5 is only used for illustrative purposes, i.e., to keep the number
of iterations small.



‘ Original function

Fig. 1. The function to be minimized

In this example, the lower bound is calculated by means of McCormick relax-
ations and natural interval extensions, see [1]. The McCormick relaxations are
convex underestimators that are propagated throughout the calculation of the
objective function. In addition, the subgradient of the convex underestimator at
a given point is propagated and its linearization is used as an affine relaxation.
The values of the affine relaxation are always less than or equal to the values of
the convex relaxation at any given point. As the values of the convex relaxation
are always less than or equal to the corresponding objective function values, the
minimum of the affine relaxation can be used as a lower bound. Additionally, the
value of the natural interval extension is compared to the minimal value of an
affine relaxation of the convex underestimator. By choosing the maximum of the
values, the tighter of both underestimators is chosen. An alternative is to run a
local solver on the convex relaxation to find its minimum. This generally leads
to a tighter lower bound with the tradeoff of running a more costly local solver
in each iteration.

The upper bound is computed by a cheap point evaluation at the arithmetic
mean of the part of the optimization variable’s set currently considered. Typi-
cally, a more costly local solver is used for the upper bound as it usually results
in a better upper bound. For demonstration purposes the point evaluation shall
suffice.

In the following, the 9 iterations needed by the branch-and-bound solver are
illustrated and explained. Each iteration selects a subset according to the best-
bound selection heuristic. The best-bound heuristic selects the subset with the
lowest lower bound (new subsets are assumed to have the lower bound of their
parent set) and if more than one exists uses a breadth-first approach. The solver
then calculates a lower bound on the current subset. If the lower bound lies
above the global upper bound (the lowest upper bound found so far), the subset
is fathomed and the next iteration started. In the other case, the upper bound is
computed. Finally, if the subset has not converged, it is branched upon, creating
two new subsets. The solver then repeats the procedure until all subsets have
either converged or been fathomed.



In the first iteration, the entire set x € [—7,5] is considered. The results are
plotted in Figure 2. The tighter lower bound in this case is the natural interval
extension with approximately -3.43 as opposed to -3.64 for the minimum of the
affine relaxation of the convex underestimator. It should be noted that the convex
underestimator is not differentiable in the point z = 0. This is the reason for the
use of subgradients and not gradients. For the upper bound, the point evaluation
at x = # = —1, f(=1) = 0.99, is used.
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Fig. 2. Functions used in the first iteration

Now the branching on the optimization variable’s set can be performed. There
are various heuristics on where to branch, e.g., if local solvers were used either
for the upper bound or on the convex relaxation for a lower bound, either of
their solution points could serve as branching point. Here, the arithmetic mean
is used as branching point resulting in the subsets [-7, —1] and [—1, 5].



From the two subsets available, see Figure 3, the second iteration calculates
the lower and upper bound of the subset [—7, —1]. The result of these iterations

[-715]

Fig. 3. Subsets before the second iteration

can be seen in Figure 4. As the upper bounds of the interval is greater than the
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Fig. 4. Functions used in the second iteration

upper bound found previously, it is disregarded. It is also worth noting, that the
affine relaxation is equal to the convex underestimator, which is the secant of
the concave original function. This underestimator is the tightest possible convex
relaxation and illustrates the strength of the McCormick relaxations. Finally, the
subset is bisected into [—7,—4] and [—4, —1]



The subset [—1, 5] is selected for the third iteration, see Figure 5. On the sub-

Fig. 5. Subsets before the second iteration

set [-1,5], the convex underestimator is not differentiable in two points, although
only one non-differentiable point exists for the original function, see Figure 6.
This again shows the necessity of subgradients as opposed to gradients, as also
differentiable (parts of) functions can lead to non-differentiable relaxations. The
upper bound does not improve on this subset as it is higher than the one found
in the first iteration.

T
Original function
Nat. interval ext. underest.
4t Convex underestimator - 4
Affine underestimator
Global upper bound ==+
3L Local upper bound a

Fig. 6. Functions used in the third iteration



For the fourth iteration the solver has four possible subsets: [—7, —4], [-4, —1],
[—1,2] and [2, 5], see Figure 7. The interval [—7, —4] is chosen. Again, the convex

[-7.5]

/N

[-7-1] [-15]

& @ @

Fig. 7. Subsets before the fourth iteration

relaxation and the affine relaxation are the tightest possible convex relaxations,
the secant of the concave original function. The upper bound calculated on this
interval lies below the global upper bound. This means the global upper bound is
updated with this new, lower value. Figure 8 shows the results of the calculations
before the global upper bound is updated.
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Fig. 8. Functions used in the fourth iteration



After updating the global upper bound to the new, lower value, the fifth
iteration is performed on the subset [—4, —1], Figure 9. Figure 10 illustrates the
results of the computation. The lower bound of the subset [—4,—1] (the value
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Fig. 9. Subsets before the fifth iteration
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Fig. 10. Functions used by the fifth iteration

of the affine relaxation at © = —1) lies above the global upper bound. Due to
this, the entire interval is fathomed as the global minimum cannot be within it.



The sixth iteration calculates the bounds on the subset [—7,—5.5], which
lowers the upper bound to ~ 0.05. The lower bound of the subset [—5.5, —4]
calculated in the seventh iteration lies above the new upper bound, so it is
fathomed. Figure 11 shows the state of the subsets after the seventh iteration,
Figure 12 the results of the computation.
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Fig. 11. Branching after the seventh iteration
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Fig. 12. Functions used in the sixth and seventh iteration



Calculating the bounds on the subset [—7, —6.25] in the eighth iteration re-
sults in an upper bound that fathoms all other subsets except for [—6.25, —5.5].
The ninth iteration considers the interval [—6.25, —5.5] though, witch leads to
a lower bound above the upper bound calculated in the previous iteration, see
Figures 13 and 14. The optimization variables value is now narrowed down to
x € [—7,—6.25]. All other intervals have been fathomed due to the low upper
bound (=~ —0.334) found in the eighth iteration.
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Fig. 13. Branching after the nineth iteration
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Fig. 14. Functions used in the eighth and ninth iteration



The subset [—7,—6.25] has converged, as the difference between the upper
bound =~ —0.334 and the lower bound ~ —0.784 is about 0.45, which is less than
the absolute tolerance of 0.5. As all other subsets have been fathomed, the solver
is finished and the example ends here.
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