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Abstract. We study the following problem: given a continuous-time Markov
chain (CTMC) C, and a linear real-time property provided as a deterministic
timed automaton (DTA) A, what is the probability of the set of paths of C that
are accepted by A (C satisfies A)? It is shown that this set of paths is measur-
able and computing its probability can be reduced to computing the reachability
probability in a piecewise deterministic Markov process (PDP). The reachability
probability is characterized as the least solution of a system of integral equations
and is shown to be approximated by solving a system of partial differential equa-
tions. For the special case of single-clock DTA, the system of integral equations
can be transformed into a system of linear equations where the coefficients are
solutions of ordinary differential equations.

1 Introduction

Continuous-time Markov chains (CTMCs) are one of the most important models in
performance and dependability analysis. They are exploited in a broad range of ap-
plications, and constitute the underlying semantical model of a plethora of modeling
formalisms for real-time probabilistic systems such as Markovian queueing networks,
stochastic Petri nets, stochastic variants of process algebras, and, more recently, calculi
for system biology. CTMC model checking has been focused on the temporal logic CSL
(Continuous Stochastic Logic [ASSB00,BHHKO03]), a variant of timed CTL where the
CTL path quantifiers are replaced by a probabilistic operator. CSL model checking pro-
ceeds — like CTL model checking — by a recursive descent over the parse tree of the
formula. One of the key ingredients is that reachability probabilities for time-bounded
until-formulae can be approximated arbitrarily closely by a reduction to transient anal-
ysis in CTMCs. This results in a polynomial-time algorithm that has been realized in
model checkers such as PRISM and MRMC.

This paper concerns the problem of verifying CTMCs versus linear real-time spec-
ifications, which are based on timed automata. Concretely speaking, we explore the
following problem: given a CTMC C, and a linear real-time property provided as a
deterministic timed automaton [AD94] (DTA) A, what is the probability of the set of
paths of C which are accepted by A (C = A)? We counsider two kinds of acceptance
conditions: the reachability condition and the Muller acceptance condition. The former
accepts (finite) paths which reach some final state and the latter accepts (infinite) paths
that infinitely often visit some set of final states. We set off to show that this problem is
well-defined in the sense that the path set is measurable. Computing its probability can
then be reduced to computing the reachability probability in a piecewise deterministic
Markov process (PDP) [Dav93], a model that is used in, e.g., stochastic control theory
and financial mathematics. This result relies on a product construction of CTMC C
and DTA A, denoted C ® A, yielding deterministic Markov timed automata (DMTA),
a variant of DTA in which, besides the usual ingredients of timed automata, like guards
and clock resets, the location residence time is exponentially distributed. We show that



the probability of C = A coincides with the reachability probability of accepting paths
in C ® A. The underlying PDP of a DMTA is obtained by a slight adaptation of the
standard region construction. The desired reachability probability is characterized as the
least solution of a system of integral equations that is obtained from the PDP. Finally,
this probability is shown to be approximated by solving a system of partial differential
equations (PDEs). For single-clock DTA, we show that the system of integral equations
can be transformed into a system of linear equations, where the coefficients are solutions
of some ordinary differential equations (ODESs), which can either have an analytical so-
lution (for small state space) or an arbitrarily closely approximated solution efficiently.

Related work is model checking of asCSL [BCHT07] and CSL™ [DHS09]. asCSL al-
lows to impose a time constraint on action sequences described by regular expressions;
its model-checking algorithm is based on a deterministic Rabin automaton construc-
tion. In CSL™, time constraints (of until modalities) are specified by single-clock DTA.
In [DHS09], C ® A is interpreted as a Markov renewal processes and model checking
CSL™ is reduced to computing reachability probabilities in a DTMC whose transition
probabilities are given by subordinate CTMCs. This technique cannot be generalized
to multiple clocks. Our approach does not restrict the number of clocks and supports
more specifications than CSLT™. For the single-clock case, our approach produces the
same result as [DHS09], but yields a conceptually simpler formulation whose correctness
can be derived from the simplification of the system of integral equations obtained in
the general case. Moreover, measurability has not been addressed in [DHS09]. Other re-
lated work [BBBT07,BBBT08,BBBMO08]| provides a quantitative interpretation to timed
automata where delays and discrete choices are interpreted probabilistically. In this ap-
proach, delays of unbounded clocks are governed by exponential distributions like in
CTMCs. Decidability results have been obtained for almost-sure properties [BBB108]
and quantitative verification [BBBMOS] for (a subclass of) single-clock timed automata.

2 Preliminaries

Given a set H, let Pr : F(H) — [0,1] be a probability measure on the measurable
space (H,F(H)), where F(H) is a o-algebra over H. Let Distr(H) denote the set of
probability measures on this measurable space.

2.1 Continuous-time Markov chains

Definition 1 (CTMC). A (labeled) continuous-time Markov chain (CTMC) is a tuple
C=(S,AP,L,a, P, FE) where S is a finite set of states; AP is a finite set of atomic
propositions; L : S — 24T s the labeling function; « € Distr(S) is the initial
distribution; P : S x S — [0,1] is a stochastic transition probability matrix; and
E : S — Ry is the exit rate function.

The probability to exit state s as well as to take the transition s — s’ in ¢ time units is
fg E(s)-e~F)7dr and P(s, 3')-[5 E(s)-e~FG)7dr, respectively. A state s is absorbing if
P(s,s) = 1. The embedded discrete-time Markov chain (DTMC) of CTMC C is obtained
by deleting the exit rate function E, i.e., emb(C) = (S, AP, L, a, P).

Definition 2 (Timed paths). Let C be a CTMC. Paths® := S x (Rsq x S)" is the set
of paths of length n in C; the set of finite paths in C is defined by Pathsf = Upen Pathsi

and PathsS := (S x Rso)” is the set of infinite paths in C. Paths® = Paths$ U PathsS
denotes the set of all paths in C.

We denote a path p € Paths®(so) (p € Paths(sg) for short) as the sequence p =

59 25 57 1 55 .-+ starting in state so such that for n < |p| (|p| is the number of
transitions in p if p is finite); p[n] := s, is the n-th state of p and p(n) :=t,, is the time

spent in state s,,. Let p@t be the state occupied in p at time ¢t € Rxq, i.e. pQt := p[n]



where n is the smallest index such that ;" p(i) > t. We assume w.l.o.g. that the time
to stay in any state is strictly greater than 0.

The definition of a Borel space on paths through CTMCs follows [Var85, BHHKO03].
A CTMC C with initial state sg yields a probability measure Pr¢ on paths as follows: Let
80,7 Sk € S with P(s;,8;41) > 0 for 0 < i < k and Iy, - - -, [;—1 nonempty intervals in
R0, C(s0, 1o, -+, Ix—1, sx) denotes the cylinder set consisting of all paths p € Paths(so)
such that p[i] = s; (i < k), and p(i) € I; (i < k). F(Paths(sp)) is the smallest o-
algebra on Paths(sg) which contains all sets C(sg, lo, - - -, [x—1, sk) for all state sequences
(s0,---,51) € Sk with P(s;,8:41) > 0 (0 < 4 < k) and Iy, ---,Ix_1 range over all
sequences of nonempty intervals in Rxo. The probability measure Pr® on F(Paths(so))
is the unique measure defined by induction on & by Pr¢(C(sq)) = a(so) and for k > 0:

PI.C (0(807 -[07 ] Ik—lu Sk)) = PI.C (0(807 IOu Y Ik—27 Sk—l))

/ P(sp_1,51) E(sp_1)-e P74z, (1)
I

Ezample 1. An example CTMC is illustrated in Fig.4(b) (page 13), where AP =
{a,b,c} and s¢ is the initial state, i.e., a(sg) = 1 and «a(s) = 0 for any s # sg. The
exit rates and transition probabilities are as shown.

2.2 Deterministic timed automata

Let X = {z1,...,2,} be a set of variables in R. An X-valuation is a function n: X — R
assigning to each variable = a value n(z). Let V(X) denote the set of all valuations
over X. A constraint over X, denoted by g, is a subset of R™. Let B(X) denote the
set of constraints over X'. An X-valuation n satisfies constraint g, denoted as n = g if
(m(x1),...,n(zn)) € g. .

Occasionally we use a special case of nonnegative variables, called clocks. We write 0
for the valuation that assigns 0 to all clocks. For a subset X C X', the reset of X, denoted
N[X := 0], is the valuation 7’ such that Yz € X. n/(z):= 0 and Vz ¢ X. n/(z):= n(z). For
§ € Rxo, n+9 is the valuation " such that Vo € X. n”(x):= n(z)+0J, which implies that
all clocks proceed at the same speed, or equivalently, Vz; € X. 2; = 1. A clock constraint
on X is an expression of the form = > ¢, or  — y < ¢, or the conjunction of any clock
constraints, where z,y € X, <1 € {<,<,>,>} and c € N.

Definition 3 (DTA). A deterministic timed automaton is a tuple
"4 = (27 Xa Qu q0, QFu _>) where

— X is a finite alphabet;

— X is a finite set of clocks;

— @ is a nonempty finite set of locations;

— qo € Q is the initial location;

— = € Qx X x B(X) x2¥ x Q is an edge relation satisfying: ¢ —=22 ¢’ and

q %q” with g # ¢’ implies g N g’ = @; and

— QF is the Y acceptance condition, where

- » if Y=reachability, then Qr := Qr C Q is a set of accepting locations;

— » if Y=DMuller, then Qg := Qr C 2% is the acceptance family.

We refer to qu' as an edge, where a € Y is the input symbol, the guard g
is a clock constraint on the clocks of A, X C X is a set of clocks to be reset and ¢’ is
the successor location. The intuition is that the DTA A can move from location ¢ to
location ¢’ when the input symbol is @ and the guard g holds, while the clocks in X
should be reset when entering ¢’. Note that we don’t consider diagonal constraints like
x —y < cin DTA. However, it is known that this does not harm the expressiveness of
a TA [BPDGYSg|.



We will denote DTA® and DTAY for the DTA with reachability and Muller accep-
tance conditions, respectively; while with DTA we denote the general case covering both
DTA? and DTA%. As a convention, we assume each location ¢ € Qr in DTA? is a sink.

An (infinite) timed path in A is of the form 6 = go 2210 g 201, ... satisfying that
1o = 0, and for all j > 0, it holds that ¢; > 0, n; +t; |= g; and 941 = (n; +t;)[X; := 0],
where 7; is the clock evaluation on entering ;. Let inf(6) denote the set of states ¢ € Q
such that g = ¢; for infinitely many 7 > 0. Furthermore, all the definitions on paths in
CTMCs can be adapted.

Definition 4 (DTA accepting paths). An infinite path 0 is accepted by a DTA® if
there exists some i > 0 such that 0[i] € Qp; 0 is accepted by a DTAY if inf(0) € Q.

Ezample 2 (DTA® and DTA¥). An example DTA? is shown in Fig.4(c) (page 13)
over the alphabet {a,b}. The reachability acceptance condition is characterized by the
accepting location set Qr = {q1}. The unique initial location is ¢o and the guards x < 1
and 1 < x < 2 are disjoint on the edges labeled with a and emanating from ¢gg. This
guarantees the determinism.

We then consider the DTAY in Fig. 1 over X' = {a, b, ¢}. The unique initial location
is qo and the Muller acceptance family is Qr = {{qo, qg}}. Since Qr is a singleton, we
can indicate it in the figure by the double-lined states. Any accepting path should cycle
between the states qp and ¢; for finitely many times, and between states gg and go for
infinitely many times. The determinism is guaranteed of the similar reason.

a,1 <z <2 {z} a,r<1,&

¢, {z} b, {x}

Fig. 1. DTA with Muller acceptance conditions (DTA“)

Remark 1 (Muller not Biichi). According to [ADY/], the expressive power of (deter-
ministic) timed Muller automata (D)TMA and (deterministic) timed Biichi automata
(D)TBA has the following relation:

TMA = TBA > DTMA > DTBA.

Also notice that DTMA are closed under all Boolean operators (union, intersection and
complement), while DTBA are not closed under complement. These two points justify
our choice of DTMA (or DTAY) instead of DTBA.

Remark 2 (Successor location). Due to the determinism, we can replace the transition
relation — € Q x X x B(X)x 2% x Q by a function succ : Qx X x B(X) — 2% x Q. Namely,
given a location ¢, an action a and a guard g, there is at most one successor location
q'. Note that the set of reset clocks is irrelevant to the successor location. Therefore, if
only the successor location is of interest, then we can thus simplify the function succ to
succ: @Q x X x B(X)— Q, ie., ¢ = succ(q,a,g).



2.3 Piecewise-Deterministic Markov Processes

The model PDP was introduced by Davis in 1984 [Dav84]. We abbreviate it as PDP
instead of literally PDMP, following the convention by Davis [Dav93]. A PDP counsti-
tutes a general framework that can model virtually any stochastic system without diffu-
sions [Dav93] and for which powerful analysis and control techniques exist [LL85,LY91,CD88].
A PDP is a stochastic process of hybrid type, i.e., the stochastic process concerns both
a discrete location and a continuous variable. The class of PDPs was recognized as a
very wide class holding many types of stochastic hybrid system. This makes PDP a
useful model for an enormous variety of applied problems in engineering, operations re-
search, management science and economics; examples include queueing systems, stochas-
tic scheduling, fault detection in systems engineering, etc.

Given a set H, let Pr : F(H) — [0, 1] be a probability measure on the measurable
space (H,F(H)), where F(H) is a o-algebra over H. Let Distr(H) denote the set of
probability measures on this measurable space.

Definition 5 (PDP [Dav93]). A piecewise-deterministic (Markov) process is a tuple
Z=(Z,X,Inv,$, A, ) with:

— Z is a finite set of locations;

— X is a finite set of variables;

— Inv : Z — B(X) is an invariant function;

¢:7Z xV(X)xR—V(X) is a flow function®;

— A:S — Ry is an exit rate function;

ek Suas — Distr(S) is the transition probability function, where:

S:={¢:=(2,n) | z € Z,n = Inv(2)} is the state space of the PDP Z, S is the interior
of S and S = |, ¢ {2} x 0Inv(2) is the boundary of S with 0Inv(z) = Inv(z)\ Inv(z) as

the boundary of Inv(z), ]nv(z) the interior of Inv(z) and Inv(z) the closure of Inv(z).
Functions A and p satisfy the following conditions:

— V& € S. Fe(€) > 0. function t — A(§ B t) is integrable on [0,€(§)[, where € ®t =
(Z, ¢(Z7 /r], t))’ fO’r 5 = (27 "7)7‘

— Function & — u(€&, A)? is measurable for any A € F(S), where F(S) is a o-algebra
generated by the countable union | J,. {2} x A, with A, being a subset of F(Inv(z))

and (&, {¢}) = 0.

We will explain the behavior of a PDP by the aid of Fig. 2. A PDP consists of a finite
set of locations each with a location invariant over a set of variables. A state consists of
a location and a valuation of the variables. A PDP is only allowed to stay in location z
when the constraint Inv(z) is satisfied. If e.g., Inv(2) is 27 — 225 < 1.5A w3 > 2, then its

interior Inv(z) is 23 — 222 < 1.5 A w3 > 2 and its closure Inv(z) is 23 —2z2 < 1.5Az3 > 2,
and the boundary dInv(z) is 3 — 222 = 1.5 Axz = 2. In Fig. 2, there are three locations
Z0, 21, 22 and the gray zones are the valid valuations for respective locations. A state is a
black dot. A boundary state is a white dot. When a new state £ = (z,7) is entered and
Inv(z) is valid, i.e., £ € S, the PDP can (i) either delay to state & = (z,7') € SU IS
according to both the flow function ¢ and the time delay ¢ (in this case £ = £ @ t); (ii)
or take a Markovian jump to state £’ = (2”,n") € S with probability u(¢,{£"}). Note
that the residence time of a location is exponentially distributed. When the variable
valuation satisfies the boundary (i.e., £ € 9S), the PDP is forced to take a boundary
jump and leave the current location z with probability u(¢, {¢”}) to state £”.

The flow function ¢ defines the time-dependent behavior in a single location, in
particular, how the variable valuations change when time elapses. State & & t is the

! The flow function is the solution of a system of ODEs with a Lipschitz continuous vector
field.
2 (&, A) is a shorthand for (u(€))(A).
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forced boundary jump

z1 delay, determined by ¢

g dh(E)

Markovian jump with prob. pu(€,{¢'})

delay, ¢

%o 3 ot

time

Fig. 2. The behavior of a PDP

timed successor of state £ (on the same location) given that ¢ time units have passed.
The PDP is piecewise-deterministic because in each location (one piece) the behavior
is deterministically determined by ¢. The process is Markovian as the current state
contains all the information to predict the future progress of the process.

The embedded discrete-time Markov process (DTMP) emb(Z) of the PDP Z has
the same state space S as Z. The (one-jump) transition probability from a state £ to a
set A C S of states (on different locations as &), denoted fi(€, A), is given by [Dav93]:

»(©) )
i) = [ QLE e A€o e B g 2)

F(Q1A)(E BH(E)) - e~ Jo'© Acom)dr -

where p(§) = inf{t > 0| @t € IS} is the minimal time to hit the boundary if such
time exists; b(§) = oo otherwise. (Q14)(€) = [31a(&)p(€, d€') is the accumulative (one-
jump) transition probability from & to A and 14(&) is the characteristic function such
that 14(€) = 1 when € € A and 14(§) = 0 otherwise. Term (2) specifies the probability
to delay to state £ @ ¢ (on the same location) and take a Markovian jump from £ @ ¢ to
A. Note the delay t can take a value from [0,b(£)). Term (3) is the probability to stay
in the same location for b(£) time units and then it is forced to take a boundary jump
from £ ®b(€) to A since Inv(z) is invalid.

Fig. 3. An example PDP Z

Ezample 3. Fig.3 depicts a 3-location PDP Z with one variable z, where Inv(zp)
is # < 2 and Inv(z1), Inv(z2) are both z € [0,00). Solving & = 1 gives the flow
function ¢(z;,n(x),t) = n(x) +t for i« = 0,1,2. The state space of Z is {(z0,7) |



0 < n(z) < 2 U{(21,R)} U {(22,R)}. Let exit rate A(§) = 5 for any & € S. For
n k= Inv(zo), let pu((z0.m),{(21.m)}) = %, u((20,m),{(22,m)}) := % and the bound-
ary measure u((z0,2),{(21,2)}) = 1. G1ven state &g = (z0,0) and the set of states
A = (21,R), the time for & to hit the boundary is b(y) = 2. Then (Q14)(& ®t) = & if
t <2, and (Q14)(& ®t) =1if t = 2. In emb(Z), the transition probability from State
& to A is:

2
+ 56710' ’

2
1 ¢ 1
o 4) = [ S5 B0 g retin e ]
0 3 3

3 Model checking DTA specifications

In this section, we deal with model checking linear real-time properties specified by DTA.
The aim of model checking is to compute the probability of the set of paths in CTMC C
accepted by a DTA A. We prove that this can be reduced to computing the reachability
probability in the product of C and A (Theorem 2). To simplify the notations, we assume
w.l.o.g. that a CTMC has only one initial state sg, i.e., a(sp) = 1, and a(s) = 0 for

s # 8g.

Definition 6 (CTMC paths accepted by a DTA). Given a
CTMC C = (S, AP, L, SO,P,E) and a DTA A = (247 X, Q, qo, Qr, —), a CTMC path

0 = 85051 s sy is accepted by A if the DTA path

qo 2okt giee(qo, Liso), go) 220 suce(qr, L(s1), g1) - -

g1 q2

is accepted by A, where ng = 0, g; is the unique guard (if it exists) such that n; +t; = g

The model checking problem on CTMC C against DTA A is to compute the prob-
ability of the set of paths in C that can be accepted by A. Formally, let

Paths®(A) := { p € Pathsc | p is accepted by DTA A }.
Prior to computing the probability of this set, we first prove its measurability:
Theorem 1. For any CTMC C and DTA A, Paths®(A) is measurable.

Proof. We first deal with the case that A only contains strict inequality. Since Paths®(A)
is a set of finite paths, Paths®(A) = Usen Paths® (A), where PathsC (A) is the set of ac-

cepting paths by A of length n. For any path p := sg —% 51 - - 5,1 —"=1 s,, € Paths® (A),

we can associate p with a path 6 := ¢g Lso)to, g1 Qn-1 L(sn=1)itn=1 Gn of A induced

by the location sequence:

L(s0),90,X0 L(sn—1):9n—1,Xn—1
Qo ——— 41" "Qqn-1 = = = dn,

such that ¢, € Qp and there exist {n;}1<i<n with 1) 1o = 6; 2) (n; +t;) E gi; and 3)
Nit1 = (n; + t;)[X; := 0], where 7 is the clock valuation on entering g;.

To prove the measurability of PathsS(A), it suffices to show that for each path
pi= st ... dntig € Paths,cl(A), there exists a cylinder set C(so, Io, .-, In—1,5n)
(C, for short) that contains p and that each path in C, is accepted by .A. The interval
I; is constructed according to t; as I; = [t; ,t;] such that

[ARR)

— Ift; € Q, then t; =t = t;;



— else if t; € R\ Q, then let ¢, , ¢ € Q such that

107

—t; <t; <t and [t; ] = [t;] and [t]] = [t];
—tF—t; < T where (with {-} denoting the fractional part)
‘n

2

A =minggjen, rex {{m‘(ﬂ?) +t} 1 = {ni(x) +t5} | {ni(x) +;} # 0}3-

To show that p’ := s o, RS SN C, is accepted by A, let i) = 0 and
Nip1 = (nj + t;)[X; := 0]. We will show that n; +¢; |= g;. To this end, it suffices to
observe that 1), = o, and for any 7 > 0 and any clock variable z,

i—1

7—1
mi(@) = mi(@)] < D[t —t5] <Dt —t7 <n- (8 —#5) <
Jj=0 j=0

We claim that since DTA A is open, it must be the case that 7, + ¢} = ¢;. To see this,
suppose g; is of the form z > K for some integer K. We have that |n/(z) — n;(z)| < £
and [t — ;] < %, therefore |(n(z) +t}) — (mi(x) + t;)| < A. Note that n;(z) +t; > K,
and thus n;(z) + t; — {ni(z) + t;} = [ni(x) + t;] > K. Hence n;(z) +t; — A > K since
A < {ni(x) + t;}. It follows that n)(x) + ¢, > K. A similar argument applies to the case
x < K and can be extended to any constraint g;. Thus, 7} + t |= g;.

It follows that C), is a cylinder set of C and each path in this cylinder set is accepted
by A, namely, p € C, and C, C PathsS (A) with |p| = n. Together with the fact that
Paths®(A) C Upe pathsc (a) Cp» We have:

Paths®(A) = U C, and Paths®(A) = U U C,.

pE Pathst (A) n€N pe PathsC (A)

We note that each interval in the cylinder set C, has rational bounds, thus C, is
measurable. It follows that Paths®(A) is a union of countably many cylinder sets, and
hence is measurable.

We then deal with A with equalities of the form x = n for n € N. We show the
measurability by induction on the number of equalities appearing in 4. We have shown
the base case (DTA with only strict inequalities). Now suppose there exists a transition

L=gq i q' where g contains z = n. We first consider a DTA A, obtained from A by
deleting the transitions from ¢ other than ¢. We then consider three DTA A,, A> and
A< where A, is obtained from A, by replacing = = n by true; A> is obtained from A,
by replacing z = n by > n and AS is obtained from A, by replacing z = n by z < n.
It is not difficult to see that

Paths®(A,) = Paths®(A,) \ (Paths®(A>) U Paths®(AS)).

Note that this holds since A is deterministic. By induction hypothesis, Pathsc(fh),
Paths®(A>) and Paths®(AS) are measurable. Hence Paths®(A,) is measurable. Fur-
thermore, we note that

Paths®(A) = U Paths®(A,),
a,9,X
1=¢""5g
therefore Paths®(A) is measurable as well.
For arbitrary A with time constraints of the form x < n where e {>,<}, we
consider two DTA A— and Ay Clearly Paths®(A) = Paths®(A=)U Paths®(As), where
51 => if ba=>; < otherwise. Clearly Paths®(A) is measurable. |

3 Note that we are considering open timed automata. Hence for any i with n; +t; = gi, it must
be the case that {n;(z) + t;} # 0.

10



3.1 Product of CTMC and DTA

As the traditional way of verifying the automata specifications, a product between the
model and the automaton is built first and the (adapted) property can then be checked
on the product model. Our approach is carried out in the same fashion. In this section,
we focus on building the product (and some more transformations on the product) and
in Section 4 and 5, the probability measure ProbC(A) will be computed.

We will first exploit the product of a CTMC and a DTA, which is what we call a
deterministic Markovian timed automaton:

Definition 7 (DMTA). A deterministic Markovian timed automaton is a tuple M =
(Loc, X, Ly, Locg, E,~), where

— Loc is a finite set of locations;

— X is a finite set of clocks;

— £y € Loc is the initial location;

— Locr is the acceptance condition with Locy := Locy C Loc the reachability condition
and Locg := Locy C 2%°¢ the Muller condition;

— E: Loc — Ry is the exit rate function; and

~ C Loex B(X)x2¥ x Distr(Loc) is an edge relation satisfying (¢, g, X, ), (¢,9", X", ')

€~ with g # ¢’ implies gNg' = .

The set of clocks X and the related concepts, e.g., clock valuation, clock constraints

are defined as for DTA. We refer to ¢ 22, ¢ for distribution ¢ € Distr(Loc) as an edge

and refer to ¢ % ¢’ as a transition of this edge. The intuition is that when entering

location £, the DMTA chooses a residence time which is governed by the exponential
distribution, i.e., the probability to leave ¢ within ¢ time units is 1 — e~ F()*, When it

decides to jump, at most one edge, say ¢ «q/\)i»( , due to the determinism, is enabled
and the probability to jump to ¢ is given by ((¢'). The DMTA is deterministic as it has
a unique initial location and disjoint guards for all edges emanating from any location.
Similar as in DTAs, DMTA® and DMTA® are defined in an obvious way and DMTA
refers to both cases.

Definition 8 (Paths in DMTASs). Given a DMTA M, an (infinite) symbolic path
is of the form:

g1,X
€0|—> fl%fg

where p; = (;(€i41) is the transition probability of 4; Iq(l—’X; liyq .
’L ’L 1

An infinite path in M (induced from the symbolic path) is of the form
T = lot 0y sty and has the property that ny = 0, (i + ) E gi, and iy =
(ni + t:)[X; := 0] where i > 0 and n; is the clock valuation of X in M on entering
location /;.

The path T is accepted by a DMTA® if there exists n > 0, such that T[n] € L
It is accepted by DMTAY iff inf(7) € Locg, i.e., 3Ly € Locg such that inf(7) =

All definitions on paths in CTMCs can be carried over to DMTA paths.

X s
DMTA Semantics. First we characterize the one-jump probability ¢ % ¢ within

time interval I starting at clock valuation 7, denoted p, (¢, ¢/, I), as follows:

mEr D= [ BO-cP L Lun o PUE) i @
I N—— N—— N—_——
(i) density to leave £ at T (ii) n+7l=g? (iii) probabilistic jump

11



Actually, (i) characterizes the delay 7 at location ¢ which is exponentially distributed
with rate E(¢); (ii) is the characteristic function, where 14(n+7) =1,if n+ 7 }=¢; 0,
otherwise. It compares the current valuation n 4+ 7 with g and rules out the paths that
cannot lead to ¢'; and (iii) indicates the probabilistic jump. Note that (i) and (iii) are
features from CTMCs while (ii) is from DTA. The characteristic function is Riemann
integrable as it is bounded and its support is an interval, therefore p, (¢, ¢, 1) is well-
defined.

Based on the one-jump probability, we can now consider the probability of a set of
paths. Given DMTA M, C (¢, Io, ..., I,—1,¢,) is the cylinder set where ({,...,¢,) €
Loc™™ and I; € Rs. It denotes a set of paths 7 in M such that 7[i] = ¢; and 7(i) € I;.
Let Prnj\: (C(ly, 1o, ..., In—1,4y)) denote the probability of C(¢,Io,...,In—1,%,) such
that the initial clock valuation in location £y is 79. We define
PrnA;l (C(lo, o, -y In—1,n)) := PM(n0), where PM(n) for 0 < i < n is defined as:
PM(n) =1 and for 0 < i < n, we note that there exists a transition from ¢; to ¢, with

i,Xi .
¢; lg—p_> lit1 (0 < i< n) and thus we define

PM(p) = / E(t:)e O 1, (4 7)pi - P () dr, (5)
I; ~——
() (%%)

where 1’ := (n+ 7)[X; := 0]. Intuitively, P (n;) is the probability of the suffix cylinder
set starting from ¢; and 7; to £,. It is recursively computed by the product of the
probability of taking a transition from ¢; to £;11 within time interval I; (cf. (%) and (4))
and the probability of the suffix cylinder set from ¢;11 and 7;41 on (cf. (xx)). For the
same reason as p, (£, ¢, I) was well-defined, P (n) is well-defined.

Ezample 4 (DMTA® and DMTA¥). The DMTA® in Fig.4(a) has initial location £,
with two edges, with guards < 1 and 1 < x < 2. We use the small black dots to indicate
distributions. Assume ¢ time units elapsed. If ¢ < 1, then the upper edge is enabled and
the probability to go to ¢1 within time ¢ is pg(£o, £1,t) = (1 —e~"")-1, where E({y) = ro;
no clock is reset. It is similar for 1 < ¢ < 2, except that x will be reset. Locr = {g3}.
It is obvious to see the determinism in this automaton. The DMTA® in Fig.5(c) has
Muller acceptance family Locr = {{61, lo, U3}, {Ly, U5, 66}}.

3.2 Product DMTAs
Given a CTMC C and a DTA A, the product C ® A is a DMTA defined by:

Definition 9 (Product of CTMC and DTA). Let C = (S,AP,L,s0,P,E) be a
CTMC and A= (227, X,Q, qv, Qr, —) be a DTA. We define
C® A= (Loc, X, by, Locg, E,~>) as the product DMTA, where

— Loc:= S x Q; Ly := (30, qo0); E((s,q)) :== E(s);
— Locg = Locp := S X Qp, if Qr = QF; (reachability condition)
Locg = Locy := UFle SxF, if Qp = QF; (Muller condition)
— ~> is defined as the smallest relation defined by the rule:
L(s),9,X

P ! 0 N g2 ¢
(s,) > 1 L such that C{s',q")) =P(s,s).

(s,q) SN,

Ezxample 5 (Product DMTA? ). Let CTMC C and DTA® A be in Fig.4(b) and 4(c),
the product DMTA® C®A is as in Fig. 4(a). Since Qr = {q1} in A, the set of accepting
locations in DMTA® is Locr = {(s2,q1)} = {/3}.

12



0.5

fo:(so, Q[)>

l<z<2,{z} 1 1<z<2,{z} r2 T2

(a) DMTA® M=C® A

Vo, To 1,70

lo, 1<z<2

(b) CTMC C

a,r<1,0
l2,0<2<1

a,1 <x<2,{z}

(d) Reachable region graph

(c) DTAY A

Fig. 4. Example product DMTA® of CTMC C and DTA® A

Ezample 6 (Product DMTA® ). For the CTMC C in Fig.5(a) and the DTA¥ A“ in
Fig.5(b) with acceptance family Q7 = {{q1, 2}, {3, 94} }, the product DMTA® C® A*
is shown in Fig. 5(c). Locr = {{(sl, 1), (85, q2) }, {(s}, q3), (s;-, q4>}}, for any s;, s}, s;, s; €
S, in particular, Locr = {{El,ﬁz,ég}, {€4,€5,€6}}.

Remark 3. Tt is easy to see from the construction that C ® A is indeed a DMTA. The
determinism of the DTA A guarantees that the induced product is also deterministic.
In C ® A, from each location there is at most one “action” possible, viz. L(s). We can
thus omit actions from the product DMTA.

For DTA® A with the set of accepting locations Locy, we denote
Paths®®A (¢ Locy) = {7 € Paths®®* | 7 is accepted by C®A } as the set of accepted
paths in C®.A. Recall that Paths® (A) is the set of paths in CTMC C that are accepted
by DTA A. For any n-ary tuple J, let J|; denote the i-th entry in J, for 1 < ¢ < n. For
a (C®A)-path T = (50, qo) 2 (s1,q1) -2 -+, let 7|1 := 59 2+ 51 —2» - .-, and for any

set IT of (C®.A)-paths, let IT|; =, c 71
Lemma 1. For any CTMC C and DTA® A, Paths®(A) = Paths®* (& Locr) ;.

Proof. (=) It is to prove that for any path p € Paths®(A), there exists a path 7 €
Paths®®* (¢ Locy) such that 7|1 = p.

We assume w.l.o.g. that p = sg N ot Sn € Paths® is accepted by A,
ie, s, € Qp and for 0 < i <m, ny 0 and n; +¢; | g; and np1 = (s + )[X; := 0],

13



a,xz > 2,{z} c,x < 2,{z}

r2,{a} b a<l, {z} @ b 1<z<2, @ @

c,x>1,0 a,r>1,0
(a) CTMC C (b) DTA¥ A

T2

52,q4)

201
04

0.3
. 0.

T3 T3

(¢) DMTA® C ® A“

Fig. 5. Example product DMTA® of CTMC C and DTA® A~

where 7); is the time valuation on entering state s;. We can then construct a path 6 €

Paths™ from p such that 8 = qq Mql Qo1 M»qn, where s; and ¢;

have the same entering clock valuation. From p and 6, we can construct the path

n—1

T = <80, (Jo> e <81, Q1> T <Sn—17Qn—l> o1, <3n7 Qn>,

where (85, qn) € Locp. It follows from the definition of an accepting path in a DTA%
that 7 € Paths®®* (¢ Locp) and 7], = p.

(=) It is to prove that for any path T € Paths®(¢& Locrp), 7|1 € Paths®(A).
We assume w.l.o.g. that path

T = (s0,q0) 2 -+ 2= (s qn) € Paths®A (¢ Locy),

it holds that (s,,qn) € Locg and for 0 < i < n, ny | 0 and n; + t; E g; and ;41 =
(mi +1t;)[X; := 0], where 7; is the time valuation on entering state (s;, ¢;). It then directly
follows that ¢, € Qr and 7|1 € Paths® (A), given n; the entering clock valuation of state

The following theorem establishes the link between CTMC C and DMTA® C ® A.

Theorem 2. For any CTMC C and DTA® A,

pr¢ (Pathsc(A)) = Pr§®“4 (PathsC®A(<>LocF)) .

Proof. According to Theorem 1, Paths®(A) can be rewritten as the combination of
cylinder sets of the form C(so, lo,...,In_1,5,) which are all accepted by DTA A*.
By Lemma 1, namely by path lifting, we can establish exactly the same combination
of cylinder sets C({y, lo, ..., In—1,4o) for PathsC®A(<>LocF), where s; = £;|1. It then

4 Note that this means each path in the cylinder set is accepted by .A.
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suffices to show that for each cylinder set C(sg, I, . .., In—1, $,) which is accepted by A,
Pr¢ and Pré®4 yield the same probabilities. Note that a cylinder set C' is accepted by
a DTA A, if each path that C' generates can be accepted by A.

For the measure Pr¢, according to Eq. 1 (page 5),

PI‘C (0(807 IO, e n 1, Sn H / S“ SZ-‘rl ( ) e—E(Si)TdT-
I;

oi<n

For the measure Prg®A7 according to Section 3.1, it is given by IE”C®A( ) where
PC®A(5) = 1 for any clock valuation 1 and

PEEA(n;) =/ Ly, (n; + 73)pi-E(4;)-e P PEEA (g, 1) dry;,
where ;11 = (0, + 73)[X; := 0] and 14, (s + ) = 1, if g, + 73 = gs; 0, otherwise.

We will show, by induction, that IP’ ®A(771) is a constant, i.e., is independent of 7;, if
the cylinder set C'(€o, Ip, ..., In—1,%n) is accepted by C ® A. Flrstly let us note that for

C(lo, Io, ..., In_1,¢y), there must exist some sequence of transitions
90,Xo In—1,Xn—1
bo o> b bt —> 4y,

with 1o = 0 and Vt; € I; with 0 < i < n, n; +t; = g; and 941 == (9 + t3)[X; == 0].
Moreover, according to Def. 9, we have:

Pi = P(SZ, Si+1) and E(éz) = E(Sl) (6)

We apply a backward induction on n down to 0. The base case is trivial since PC®4(n) =
1. By L.H. ]P’ZCJ%A( ) is a constant. For the induction step, consider ¢ < n. For any 7; € I,
since n; + 7; = gi, 1g,(m + ;) = 1, it follows that

PZC@A(W) = /1gi(ni+7i)'pi'E(€z)e Bt PC@A(%H) dr;

i

LH. B0
= /Ipi'E(éi)'e BT Ay PEE (i)

—~

Eq.(6
“ )/1 P(s;, si41)-E(si)-e” P00 dr - PEEA (niga).

Clearly, this is a constant. It is thus easy to see that

Pre®A(C(lo, To, - In—1, b)) == PGEA0 H/ (siv 8i41)-B(s)-e~Pe)7dr,

o<i<n Ii

which completes the proof. |

3.3 Region Construction for DMTA

In the remainder of this section, we focus on how to compute the probability measure
Pr§®A (PathsC®A(<> LocF)) in an effective way. Since the state space {((,n) | £ €

Loc,n € V(X )} of C ® A is uncountable, we start with adopting the standard region
construction [AD94] to DMTA® to discretize the state space into a finite one. As we
will see in Section 3.4, this allows us to obtain a piecewise-deterministic Markov process
from a DMTA? in a natural way.

As usual, a region is a constraint. For regions ©,0’ € B(X), ©' is the successor
region of O if for all n = © there exists § € R such that n+§ = ©' and for all §’ < 4,
n+d E6OVO. A region O satisfies a guard g (denoted © Eg) if Vn = 0. nEg. A
reset operation on region O is defined as O[X := 0] := {n[X :=0] | n = O}.
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Definition 10 (Region graph of DMTA®). Given DMTA® M = (Loc, X, £y, Locp, E, ~
), the region graph is G(M) = (V,vg, Vp, A, ), where

— V := Loc x B(X) is a finite set of vertices, consisting of a location £ in M and a
region ©;

— vg € V is the initial vertex if (¢o, 6) € vg;

Vi = {v |v]1 € LocF} is the set of accepting vertices;

— = CVx (([0,1] x 2%) U{d}) x V is the transition (edge) relation, such that:

5 . .. . . .
- » v = v is a delay transition if v|; = v’|1 and v'|2 is a successor region of vl|o;

X . . .y . . "y 9,X
— » v <> v is a Markovian transition if there exists some transition v|; ——v'[;

P
in M such that vl = g and v]2[X = 0] Ev'|2; and
— A:V — Ry is the exit rate function where A(v) := E(v|1) if there exists a Marko-
vian transition from v, A(v) := 0 otherwise.

Note that in the obtained region graph, Markovian transitions emanating from any
boundary region do not contribute to the reachability probability as the time to hit the
boundary is always zero (i.e., b(v,n) = 0 in (8), page 18). Therefore, we can remove all
the Markovian transitions emanating from boundary regions and then collapse each of
them with its unique non-boundary (direct) successor. In the sequel, by slightly abusing
the notation we still denote this collapsed region graph as G(M).

Remark 4 (Exzit rates). The exit rate A(v) is set to 0 if there is only delay transition
from v. The probability to take the delay transition within time ¢ is e~ = 1 and the
probability to take Markovian transitions is 0.

Ezample 7. For the DMTA® C®A in Fig.6(a), the reachable part (forward reachable
from the initial vertex and backward reachable from the accepting vertices) of the col-
lapsed region graph G(C®.A) is shown in Fig. 6(b). The accepting vertices are sinks.

T2 > 17{331}71

T1 < 27 {12}7 1

(a) DMTA® M =C® A

0,0 V1,70 V2,70
go k) ZO ) ZO
0<z1=22<1 1<z 1=22<2 T122,722>2
1, {z1} L {z1}
fl ll
v3,0 0<z1<1 vg,0 0<z1<1
1<w2<2 T222
T2>11+1 To>w1+2

(b) Reachable region graph G(C ® A)

Fig. 6. Example of a region graph

Notice that DMTA® and DMTA® have the same locations and edge relations. The
only difference is their acceptance condition. This guarantees that their obtained region
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graphs are the same except for the definition and interpretation of the final set Vp. We
will present how Vg is derived in the region graph for DMTA® in Section 5.

3.4 From Region Graph to PDP

We can now define the underlying PDP of a DMTA® by using the region graph G(M).
Actually, a region graph is a PDP.

Definition 11 (PDP for DMTA®). For DMTA® M = (Loc, X, {y, Locr, E,~) and
region graph G(M) = (V,vg, Vi, A, =), let PDP Z(M) = (V, X, Inv, ¢, A, u) where for
anyv €V,

— Inv(v) :=vl2 and the state space S := {(v,n) | v € V,n € Inv(v)};

— ¢(v,n,t) :=n+t for n E Inv(v);

— A(v,n) := A(v) is the exit rate of state (v,n);

— [boundary jump] for each delay transition v o in G(M) we have pu(€,{¢'}) =1,
where € = (v,1), € = (v/,) and 3 |= O (v);

— [Markovian jump] for each Markovian transition v 2% o in G(M) we have 1(€,{¢'}) ==
p, where £ = (v,n), n |= Inv(v) and §' = (v, n[X = 0]).

From now on we write A(v) instead of A(v,n) as they coincide.

4 Model Checking DTA? Specifications

With the model and problem transformation presented in the last section, we are now
ready to model check CTMC against DTA? specifications. We first consider the general
case, i.e., DTA? with arbitrary number of clocks and then the special case of single clock
DTA® specifications is investigated.

4.1 General DTA® Specifications

Recall that the aim of model checking is to compute the probability of the set of paths
in CTMC C accepted by a DTA® A. For the general case, we have proven that this is
reducible to computing the reachability probability in the product C ® A (Theorem 2,
page 14), which can be further reduced to computing the reachability probability in a
corresponding PDP (Theorem 3 below), which will be established in Section4.1. The
characterization by a system of integral equations is usually difficult to solve. Therefore
we propose an approach to approximate the reachability probabilities in Section4.1.

Characterizing Reachability Probabilities. Computing Prg®“4 (Pathsc®“4(<> LocF)) is

now reduced to computing the (time-unbounded) reachability probability in the PDP
Z(C®.A) — basically the region graph of C ® A — given the initial state (vg,0) and the
set of goal states {(v,n) | v € Vp,n € Inv(v)} ((Vr,-) for short). Reachability probabili-
ties of untimed events in a PDP Z can be computed in the embedded DTMP emb(Z).
Note that the set of locations of Z and emb(Z) are equal. In the sequel, let D denote
emb(Z).
For each vertex v € V, we define recursively Prob” ((v,m), (Vr,-)) (or shortly Prob? ()

as the probability to reach the goal states (Vp,-) in D from state (v,n).

— for the delay transition v O o ,
Probzi(;(n) = ¢~ AWh(vn) Probz?, (77 + b(v, n)) (7)

Recall that b(v,n) is the minimal time for (v,n) to hit the boundary dInv(v).

17



. . P, X
— for the Markovian transition v < v/,

b(v,m)
Probzv/ (n) = /0 p-A(v)-e_A(U)T~Prob3 ((77 +7)[X = O]) dr. (8)

Overall, for each vertex v € V, we obtain:
Pmbf(n) = Pr0b£5(n) T Zv’i’—)fv'Pmb”’iv/ (n), if v ¢ ‘,/F . 9)
1, otherwise

Note that here the notation 7 is slightly abused. It represents a vector of clock variables
(see Example8). Eq. (7) and (8) are derived based on (3) and (2), respectively. In par-
ticular, the multi-step reachability probability is computed using a sequence of one-step
transition probabilities.

Hence we obtain a system of integral equations (9). One can read (9) either in the
form f(§) = fDom(E) K(&,¢&)f(dg’), where K is the kernel and Dom(€) is the domain of
integration depending on the continuous state space S; or in the operator form f(£) =
(TF)(&), where J is the integration operator. Generally, (9) does not necessarily have a
unique solution. It turns out that the reachability probability PmvaO (6) coincides with
the least fixpoint of the operator J (denoted by lfp7) i.e., ProbvpU (0) = (IfpT)(vo, 0).
Formally, we have:

Theorem 3. For any CTMC C and DTA® A, Prg®A(Pathsc®A(<> Locp)) is the least
solution of Pmbﬁ(), where D is the embedded DTMP of C ® A.

Proof. We can express the set of all finite paths in C ® A ending in some accepting
location ¢, € Locr for n € N as the union over all location sequences i.e.,

meeA = | | U C(lo, Ios -y In—1,0n)
neN (¢g,...,0,)ELocnt1

= Paths“®A($ Locp) U Paths®® (¢ Locr).

where C({y, Iy, ..., In—1,£,) is a cylinder set, I; = [0, c0[ and Pathsc®“4(<> Locr)|; are
the set of paths which are not accepted by the DTA A. Notice that we can easily extend
the measure Pr§®A to IT¢®A such that

Prg®A (I1€®4) = Prg®A (PathsC®A(<> Locp)).
This means that in order to prove the theorem we need to show that

Pr§®A (II€®4) = Prob? (8), (10)

0

5, o

where ProbUDO (0) is the short form of Pmbp((vo, 0), (Vr,+)), i.e., the reachability prob-

ability from state (vg,0) to (Vi,-). Note that for better readability, we indicate clock
valuations in D by adding a “™”.

Eq. (10) is to be shown on cylinder sets. Note that each cylinder set C(¢y, lo, .. .,
I,_1,0,) C II®®A (C, for short) induces a region graph G(C,) = (V,vo, Vr, A, =),
where its underlying PDP and embedded DTMP is Z(C},) and D(C,,), respectively. To
prove Eq. (10), it suffices to show that for each C,,,

Pr§®A(Cn) = Probz?o(c’l) (E))

SiHCG HC®A = UnEN U(ZO,...,fn)ELOC"+1 C’n, and D= UnEN U(fo,...,én)ELOC"+l D(Cn)

We will prove it by induction on the length n of the cylinder set C,, C IT¢®A,
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— By B.C. of n =0, i.e. Cy = C(¢;) and ¢; € Locp, it holds that Prgng(Co) = 1; while
in the embedded DTMP D(Cy), since the initial vertex of G(Cyp) is v = (¢4, Op),
where 7; € ©g and vy is consequently the initial location of Z(Cy) as well as D(Cp)
which is accepting, Probg(CO)(ﬁi) = 1. Note ¢; € Loc is not necessarily the initial

location 4.
— By LH., we have that for n = k& — 1, PrC®A(Ck 1) = ProbP(Cr- 1)(171+1) where

Mi4-1 Vit1
Cr—1 = Clliy1,Liv1, ..., Lixk—1,livx) and liy € Locp. Note ¢;11 € Loc is not
necessarily the initial location £g.

— Forn =k, let Cr = C(l;, I;, liv1, Liv1, -, Livk—1,%itk). As a result, there exists a
iy X
transition ¢; Ig—p_> liy1 where n; +7; | g; for every 7; € Jt1,ta]. t1,t2 € QxoU{o0}

can be obtained from g;, such that 7; € Jt1,t2[ iff ; + 7, = ¢;. According to the
semantics of MTA we have

ta
P4 (Cy) :/ pirE(l)-e” PEIT  PrCEA(Cy ) dr, (11)

77 41
t1

where Nit1 = (’I]i + Tl)[Xl = 0]

4»1)6:.(&,,_90) 16, . j’vfn_.lz(&-‘.ﬂm,l)i)fn;(f,z,ém)i 9] h,;(€i7@m,)
b(vo,M0) <1 b(Vm—1,hm—1)=1 b(vrn ) =1 D (Vg T )=1
pi pi
H>1—(‘€z+1a(9m Z:,r/l—(ez+1’@
b(vht it <1 (v, i )<

Now we deal with the inductive step for D(Cy). Let us assume that Cj induces
.

the region graph G(C}) whose subgraph corresponding to transition ¢; lg—p> litq

is depicted in the figure above. For simplicity we consider that location ¢; induces

the vertices {v; = (£;,0;) | 0 < j < m'} and location /;41 induces the vertices

{U;H = (li+1,0;) | m < j < m’}, respectively. Note that for Markovian transitions,

the regions stay the same. We denote ﬁ; (resp. 771+1)

i i+1 . . . . ~ m—1
on vertex vj (resp. 97" ), for j the indices of the regions. For any 7 € J;Z, ©; U

Ujsms ©j: 1 £ gi; or more speciﬁcally,
tl—Zb v,k and tQ_Zb vl 7).

Recall that 7); (in the I.H.) is the clock valuation to first hit a region with ¢;
and 7);. Given the fact that from v} the process can only execute a delay transition
before time ¢q, it holds that

Prob () (i) = e~ A0 - Prob 21 ()

as the entering clock valuation

vi 8

Proby (¥ (i) = Prob G (i) + Proby L ().
Therefore, we get by substitution of variables:
Prob?, (i) = e 1AW ProbDITH) (i) 4 =11 A0, Pme( %) (i)

et Awi), ProbD(C")( Al )

(’7717/,7’771) -
4 emhAw), / pid(vi)e™ M Prob P T (i, + 7)[Xi o= 0])dr
0

D g

t1+b(vl,,0l,) .
n / piA(v)e” 2T Prob D (5 + 7 — 11)[X; = 0])dr.
t1 m

19



Evaluating each term Prob ; ( ")(nm) we get the following sum of integrals:

m’—m t1+2jf;,:ob(vin+hvﬁin+h)
PT’ObD(Ck)(Th) _ Z / piA(’Ui)e_A(vi)T
7=0 t1+zh b(vm+h)77m+h)

- Prob I(Ek 1)((77mﬂ+7’ t1— Zb(vf,l+h,ﬁfn+h))[Xi::0])dT-

Um+j
Now we define the function FP(Ck-1)(t) : [t;,t5] — [0,1], such that when t € [t; +
E] ; oP(v m+h777m+h) t1 + Eh —o PV Tnyn)] for 5 < m' —m then FPCr-1)(t) =

Pmeffl" D (At =t = S 0l ) [Xi = 0]). Using FPCx-1 (1) we

D(Ck)(

can rewr1te Prob ;) to an equivalent form as:

Prob (C’“)( i) =

m'—m g 43 TC L
/ h=0 piA(vi)efA(vi)TFD(Ck,l)(T)dT
t

j—1 i ~d
3=0 1+Ziz:0 b(’um+h >77m+h)

to
/ piA(Ui)e—A(vi)TFD(Ck,l)(T)dq_'
t1

By the I.H. we now have that for every

t € [t 4+ 0o bW e )t + oo b( i )] for § < m' — m we have
that:

J—1
D(C
PSR (Chr) = ProbJ5 (s =t = 37 00 i) [ Xir=0]) = FP(O(0),
R h=0

where ;41 = (; +1)[X; := 0] and 7}, , ; = i +11 + 300 it ). This shows
that Prg?A(Ck) = Probﬁ(ck)(ﬁi) which proves the theorem. |

Remark 5. Clock valuations 1 and 7 in region © may induce different reachability prob-
abilities. The reason is that 7 and n’ may have different periods of time to hit the
boundary, thus the probability for  and i’ to either delay or take a Markovian transi-
tion may differ. This is in contrast with the traditional timed automata theory as well
as probabilistic timed automata [KNSS02], where ) and 7 are not distinguished.

Ezample 8. For the region graph in Fig.6(b), the system of integral equations for v; in
location £ is as follows for 1 < z1 = 25 < 2:

Prob? (z1,25) = Pmval_’ (1, 22) + Probvl s (%1, 22),

where
Probv1 s(x1,22) = 67(279“)”’~P7’0bvp2 (2,2)
and .
Probv1 vy (T1,T2) = /0 r0-67T“T~Prova3 (0,22 + 1) d7

where Probvp3 (0,29 + 7) = 1. The integral equations for vy can be derived similarly.

Approzimating Reachability Probabilities. Finally, we discuss how to obtain a solution
of (9). The integral equations (9) are Volterra equations of the second type [AW95]. For
a general reference on solutions to Volterra equations, cf., e.g. [Cor91]. As an alternative
option to solve (9), we proceed to give a general formulation of Pr¢ (Pathsc (.A)) using
a system of partial differential equations (PDEs). Let the augmented DTA® Alts] be
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obtained from A by adding a new clock variable y which is never reset and a clock
constraint y < ty on all edges entering the accepting locations in Locp, where t; is a
finite (and usually very large) integer. The purpose of this augmentation is to ensure
that the value of all clocks reaching Locy is bounded. It is clear that Paths®(Alts]) C
Paths® (A). More precisely, Paths® (Alt]) coincides with those paths which can reach the
accepting states of A within the time bound ¢;. Note that limg, .o Pr¢(Paths®(Alty])) =
Pr€(Paths®(A)). We can approximate Pr¢(Paths®(A)) by solving the PDEs with a large
ty as follows:

Proposition 1. Given a CTMC C, an augmented DTA® A[t;] and the underlying
PDP Z(C® Alty]) = (V, X, Inv, ¢, A, ), Pr° (PathsC(A[tf])) = Ty (0,0) (which is the

probability to reach the final states in Z starting from initial state (vo, 6Xu{y}5) ) is the
unique solution of the following system of PDEs:

Z 877 Z) A@)- Y p-(hor (. 0[X = 0]) = hu(y,m)) =0,

=1 p,X
v !

where v € V\ Vg, n = Inv(v), n9 is the i’th clock variable and y € [0,1;). For every

n | 0Inv(v) and transition v <, v, the boundary conditions take the form: h,(y,n) =
Ry (y,m). For every vertex v € Vg, n = Inv(v) and y € [0,tr), we have the following
PDE:

Z anw )10,

The final boundary conditions are that for every vertexv € V and n = Inv(v)UdInv(v),
by (t, n) = 0.

Proof. For any set of clocks X (n clocks) of the PDP Z = (Z, X, Inv, ¢, A, u) we define
a system of ODEs:
dn(y)
dy
which describe the evolution of clock values 7(y) at time y given the initial value g of all

clocks at time yo. Notice that contrary to our DTA notation, Eq. (12) describes a system
dn (y)
dy

f n(yo) = 1o € R>07 (12)

of ODEs where 7(y) is a vector of clock valuations at time y and gives the timed
evolution of clock n(*). Given a continuous differentiable functional f : Z x RY, — Rxo,

for every z € Z let:

df (z,n(y) _ z": 9f(z,n(y)) dn D (y) Ea.02) Z 3f
877(1)

For notation simplicity we define the vector field from Eq. (13) as the operator Z which

acts on functional f(z,7(y)) i.e., Ef(z,n(y)) = > i, %. We also define the equiv-

alent notation Zf (&) for the state £ = (z,1(y)) and any y € Rxo.
We define the value of Pr¢ (Pathsc (A)) as the expectation 7(0,£y) on PDP Z as

follows:
t t
h(O,fo) = E |:/f lz(XT)dT | XO = §O:| = E(O,go) |:/f lz(XT)dT:| y
0 0

where the initial starting time is 0 the starting state is & = (20,0), X, is the un-
derlying stochastic process of Z defined on the state space S and 1z(X;) = 1 when

5 denoting the valuation n with n(z) = 0 for z € X U {y}.
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X: € {(z;n(1) | z € Ve,n(r) € Inv(z)}, 1z(X;) = 0, otherwise. Notice that we
can also define the expectation in Eq. (13) for any starting time y < ¢; and state £ as

Ee [J) 12(X)dr]-

We can obtain the expectation 7(0,&y) by following the construction in [Dav93]. For
this we form the new state space S = ([0,#7] x S) U {A} where A is the sink state
and the boundary is dS := ([0, tr] x 0S) U ({tr} x S). We define the following functions:
Ay, €) = A&), i((y, ), {y} x A) = pu(§, A) and ﬂ((tfvé.)a {Ah)=1forye [Ovtf[? ACS
and £ € S.

Given the construction we obtain an equivalent form for the expectation (13) i.e.,:

h(0, &) = Eqp.e,) [/Ooo 1s(n, X-,—)dT:| , (13)

where 1z : § — {0,1}, iz(7, X;) = 1 when X, € {(2,9(7)) | z € Ve, n(r) € Inv(z)}
and 7 € [0,t7], 1z(7, X,) = 0, otherwise. We also define 1z(A) to be zero. Notice that
we introduce the sink state A in order to ensure that lim, .. E¢ ¢)A(y, X,) = 0, which
is a crucial condition in order to obtain a unique value for the expectation A(0, &y).

For the expectation (13) [Dav93] defines the following integro-differential equations
(for any y € [0, t7[):

umy,s;cah(y,am@,s»/s (h(y.€) — By, ) il(1.£). (5. dE)).E €S (14)
By, €)= /S By, €)l(4.€), (v, dE')), € € S (15)

UN(y, &) + 12(y,6) = 0,6 €S (16)

Equation (14) denotes the generator of the stochastic process X, and Eq.(15) states
the boundary conditions for Eq. (16). We can rewrite the integro-differential equations
(14),(15) and (16) into a system of PDEs with boundary conditions given the fact that
the measure /i is not uniform. For each vertex v ¢ Vg, n € Inv(v) and y € [0,t] of
the region graph G we write the PDE as follows (here we define h,(y,n) := h(y, &) for

§= (v,n)):

Z 877(1 A(v) Y p- (hoy,nlX = 0]) = hu(y,m) = 0,

7 p, X ,
v — v
X
Notice that for any edge v % o in the region graph G, i((y, (v,n)), (y, (v',n))) = p.

s
For every n € dInv(v) and transition v — ¢’ the boundary conditions take the form:
hy(y,m) = hy (y,m). For every vertex v € Vg, n € Inv(v) and y € [0, we get:

Z 8771) ) i1-0

7

Notice that all final states are made absorbing. The final boundary conditions are that
for every vertex v € Z and n € Inv(v) U dInv(v), hy(tr, n)=0. |

4.2 Single-Clock DTA® Specifications

For single-clock DTA? specifications, we can simplify the system of integral equations
obtained in the previous section to a system of linear equations where the coefficients
are a solution of a system of ODEs that can be calculated efficiently.

Given a DMTA® M, we denote the set of constants appearing in the clock constraints
of M as{co,...,cm} with ¢g = 0. We assume the following order: 0 = ¢g < ¢1 < -+ < ¢
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Let Ac; = ¢iy1 — ¢; for 0 < i < m. Note that for one clock DMTA®, the regions in the
region graph G(M) can be represented by the following intervals: [cg, 1), .., [em, 00).
We partition the region graph G(M) = (V,vg, Vi, A,—), or G for short, into a set of
subgraphs G; = (Vi, Vi, A;, {M;, F;, B;}), where 0 < i < m and A;(v) = A(v), if v € V;,
0 otherwise. These subgraphs are obtained by partitioning V', Vg and — as follows:

=V =Uocicm{Vi}, where V; = {(£,0) € V | O C [¢;, civ1) };

- V= Uogigm{VFi}v where v € Vg iff v € V; N Vp;

— == UocicmiMi U F; U B;}, where
- M; is the set of Markovian transitions (without reset) between vertices inside
Gi;
- F; is the set of delay transitions from the vertices in G; to that in G;4q
(Forward);
- B; is the set of Markovian transitions (with reset) from G, to Gy (Backward).

It is easy to see that M;, F;, and B; are pairwise disjoint.

Since the initial vertex of Gy is vg and the initial vertices of G; for 0 < i < m are implicitly
given by F;_1, we omit them in the definition.

Ezxample 9. Given the region graph in Fig. 7, the vertices are partitioned as indicated by
the ovals. The M; edges are unlabeled while the F; and B; edges are labeled with § and
“reset”, respectively. The Vp vertices (double circles) may appear in any G;. Actually, if
v=({[ci,cit1)) € Vp, then v' = (¢, [¢;,cj41)) € Vr for i < j < m. This is true because
Ve = {(¢,true) | £ € Locg}. It implies that for each final vertex not in the last region,
there is a delay transition from it to the next region, see e.g. the final vertex in G; 41 in
Fig. 7. The exit rate functions and the probabilities on Markovian edges are omitted in
the graph.

Given a subgraph G; (0<i<m) of G with k; states, let the probability vector (jl(x) =
T ; ;
[ul(z),...,uf (z)] € RF*! where u(x) is the probability to go from vertex v/ € V; to
some vertex in Vp (in G) at time z. Starting from (7)-(9), we provide a set of integral
equations for U;(z) which we later on reduce to a system of linear equations. Distinguish

two cases:

Case 0 < i < m: U;(z) is given by:

Ac;—zx Ac;—x
0 0
(17)
where z € [0, A¢;] and

— D;(z) € R¥*%i is the delay probability matrix, where for any 0 < j < k;, D;(2)[4,4] =
e~ Pz (the off-diagonal elements are zero);

— M;(z) = D;(x)-E;-P; € R¥*Fi is the probability density matrix for the Markovian
transitions inside G;, where P; and E; are the transition probability matrix and exit
rate matrix for vertices inside G;, respectively;

— B;(z) € RFi*ko is the probability density matrix for the reset edges B;, where
B;(2)[j, '] indicates the probability density function to take the Markovian jump
with reset from the j-th vertex in G; to the j'-th vertex in Gp; and

— F,; € RFiXFit1 ig the incidence matrix for delay edges F;. More specifically, F;[j, j'] =
1 indicates that there is a delay transition from the j-th vertex in G; to the j’-th
vertex in G;;1; 0 otherwise.

Let us explain these equations. The third summand of (17) is obtained from (7)
where D;(Ac; — z) indicates the probability to delay until the “end” of region i, and
Fi(ji+1(0) denotes the probability to continue in G;+1 (at relative time 0). Similarly, the
first and second summands are obtained from (8); the former reflects the case where
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clock z is not reset, while the latter considers the reset of 2 (thus, implying a return to

Go).

Case i = m: Up,(z) is simplified as follows:

/ M,, (z +7)dr + 1p + / B,,(7)dr - Up(0) (18)
0

where M,,(7)[v,:] = M (7)[v,-] for v ¢ Vp, 0 otherwise. I is a vector such that

Tr[v] = 1if v € Vi, 0 otherwise. We note that Ty stems from the second clause of (9),

and M,, is obtained by setting the corresponding elements of M., to 0. Also note that
as the last subgraph G,, involves infinite regions, it has no delay transitions.

3, —
reset ~ P ~ 5

gO gl gi+ 1 gm

Fig. 7. Partitioning the region graph

Before solving the system of integral equations (17)-(18), we first make the following
observations:

(i) Due to the fact that inside G; there are only Markovian jumps with neither resets
nor delay transitions, G; with (V;, A;, M;) forms a CTMC C;, say. For each G; we define
an augmented CTMC C{ with state space V; U Vg, such that all Vj-vertices are made
absorbing in C{. The edges connecting V; to V are kept and all the edges inside Cy are
removed. The augmented CTMC is used to calculate the probability to start from a
vertex in G; and take a reset edge within a certain period of time.

(ii) Given any CTMC C with k states and rate matrix P - E, the matrix II(z) is
given by:

x) = / M(m)II(z — 7)dr + D(z). (19)
0
Intuitively, TI(¢)[j,j'] indicates the probability to start from vertex j and reach j' at
time ¢.

The following proposition states the close relationship between II(z) and the tran-
sient probability vector:

Proposition 2. Given a CTMC C with initial distribution «, rate matric P-E and
II(t), g(t) satisfies the following two equations:

(1) = a - TI(0), (20)
WO _1)-q. (21)

where Q = P-E — E is the infinitesimal generator.
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Proof. The transition probability matrix II(¢) for a CTMC C with state space S is
denoted by the following system of integral equations:

- / t M(7)I(t — 7)dr + D(t), (22)
0

where M(7) = P-E-D(7). Now we define for the CTMC C a stochastic process X (¢).
The probability Pr(X (¢ + At) = s;) to be in state s; at time ¢ + At can be defined as:

Pr(X(t+ At)=s;) = > Pr(X )-Pr(X(t+ At) = 5| X (t) = s)

5;€S
We can define Pr(X (¢t + At) = s;) in the vector form as follows:
gt + At) = g(t)®(t,t + At),

where G(t) = [Pr(X(¢) = s1),...,Pr(X(t) = s,)] and ®(¢,t+ At)[i, j] = Pr(X (t+ At) =
55X (8) = si).
As the stochastic process X (¢) is time-homogeneous we have that

Pr(X(t + At) = 55| X(t) = s;) = Pr(X(At) = 5;|X(0) = s5),
which means that ®(t,t + At) = ®(0, At). As Pr(X(At) = s;/X(0) = s;) denotes the
transition probability to go from state s; to state s; at time At we have that ®(0, At) =
TI(At), which results in the equation:
ot + At) = g(6)II(At). (23)

Now we transform Eq. (23) as follows:

Glt + At) = G(TI(At)
— Gt + At) — Glt) = GIOTI(AL) — F(t)
— Gt + At) — t) = G (TI(AL) —T)

dot) g+ A) -Gl . TI(A) -1
= g CAm e =90 fim ——

Now it is to compute lima¢—.q %. For this we rewrite the right hand limit as:

At

M(r)TI(At — 7)dr + Jim 2 (D4 -1).

lim —
Atso At 0 t—0 At

The lima;_o — Az f II(At — 7)dr is of the type 2 > Which means we have to use
I’Hospital rule:

d(At) 1
dac 7
d At At o
A < ; M(7)II( At — T)dT) = M(AH)II(0) + | M(T)@H(At —T1)dT.
Notice that II(0) = I and we obtain:
1 At
Alirgo At ), M(m)II(At — 7)dT
At b
= AI}EIEO M(AH)II(0) + ; M(r )EH(AIS —7)dr | = M(0)I1(0) = P-E.
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The lima¢—o 57 (D(At) — 1) is of the type 3, which means the use of I'Hospital rule:

d(At)
dAt
d
— (D(At) 1) = ~ED(AY)

Therefore, we obtain lima¢—o %7 (D(At) —I) = —E and

b (A 1

=PE-E=
At—0 At Q7

where Q is the infinitesimal generator of the CTMC C. As a result we obtain:

dgt) ... II(A)-T
o~ oW fim, = — = 90Q
Combining with Eq. (23) we get:
o(t) =a - TI(2),
dg(t N
9 _50) Q. n

= ‘
=

@(t) is the transient probability vector with p4(t) indicating the probability to be
in state s at time ¢ given the initial probability distribution . Eq.(21) is the cele-
brated forward Chapman-Kolmogorov equations. According to this proposition, solving
the integral equation II(¢) boils down to selecting the appropriate initial distribution
vector « and solving the system of ODEs (21), which can be done very efficiently using
uniformization.

Prior to exposing how to solve the system of integral equations by solving a system
of linear equations, we define II{ € R¥ixko for an augmented CTMC C¢ to be part of
IT¢, where II{ only keeps the probabilities starting from V; and ending in V4. Actually,

o) - (g,

where 0 € R¥*Fi is the zero matrix and I € R¥0*F0 ig the identity matrix.
Theorem 4. For subgraph G; of G with k; states, it holds for 0 < i < m that:

Ui(0) = I;(Ac;) - FiUi41(0) + I (Ac;) - Uo (0), (24)
where I1;(Ac;) and TI¢(Ac;) are for CTMC C; and the augmented CTMC C¢, respec-

tively. For case i = m,
where P;(v,v') = Py(v,0') if v & Vp; 0 otherwise and B,, = Iy Bm(1)dr.

Proof. We first deal with the case ¢ < m. If in G;, there exists some backward edge,
namely, for some j,j’, B;(z)[j,5'] # 0, then we shall consider the augmented CTMC

C® with k% = k; + ko states. In view of this, the augmented integral equation U%(z) is
defined as:

Ac;—zx -
00 (2) = / M2(1) %z + 7)dr + DE(Ac; — x) - F04(0)
0

where U? () = (%%) € RE X1 [7/(x) € RFo*1 is the vector representing reachability
!(z

probability for the augmented states in G;, F¢ = (F}|B]) € RFi * (kit1t+ko) guch that

2
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6 RF: ¥ki+1 ig the incidence matrix for delay edges and B/, = (%) € RKi xko,

U ) c R(ki+1+k0)><1

Uo

First, we prove the following equation:

—

Ut (z) = ¢ (Ac; — ) - FLU;(0),

K2

where

ITY (x / M (ML (z — 7)dT + D{ (). (26)

We consider the iterations of the solution of the following system of integral equations:
set ¢ o = Ac; — x.

U (0)(

GG+ ( / M (1) TS (a47)dr + D% es ) - FO0,(0).
0

and

Iy (0)(0Z ) =0

e J+1) (Ciz) / MY (1 ?’(j) (ciz—T)dT + D¢ (¢ 0)-

By induction on j, we prove the following relation:

—

U’fz,(j)(x) _ H’,l’(j)(ciﬁx) F;le(O)

K2 3

— Base case: (jia’(o)(x) =0 and H?’(O) (ciw) = 0.

— Induction hypothesis: U (z) = T1¢Y) (¢, ,) - F2U;(0).
— Induction step j — j + 1:

0ot (g / M (1)U (x4 7)dr + D¢ (ci ) - FEU(0).
By induction hypothesis we have
@0 (g / M (1) 0D (¢ + 7)dr + D¢ (c;0) - F4U(0)

3

= / M (NI (¢ p—7) - F3U;(0)dr 4+ D¢ (c;..) - FEU(0)
0

—

— < / - MNP (¢, — T)dr + Dg(q,x)> - FeU;(0)
0
= H?7(j+1)(ci)m) . FlUZ(O)

Clearly, II¢(c; ») = limj_, oo Hq’(jﬂ)(ci,x) and U%(z) = lim;_, ﬁf’(j+1)(x).

(2
Let x = 0 and we obtain

—

U (0) = I (c0) - FLT;(0).
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We can also write the above relation for x = 0 as:
[71(0) _ 17 X "R’ ﬁi+1(0)
(6~ o (3
| Acl > <F1|0> (j¢+1(0)
| I 0[T)\ To(0)
1 | Acl ) ﬁl+1( )
| T Uo(0

)
IL; (Ac)F U1 (0) + T12 (Ac) U (0)
Uo(0) '

1

IT, (
IT;

Ac;)

0

(Aci)
0

As a result we can represent U;(0) in the following matrix form

U;(0) = IL(Ac;)F;U;4 1 (0) + I (Ac; ) Uy (0)

by noting that II; is formed by the first k; rows and columns of matrix IT¢ and ITI¢ is
formed by the first k; rows and the last k' — k; columns of IT{.

For i = m, i.e., the last graph G,,,, the region size is infinite, therefore delay transitions
do not exist. The vector Up(x + 7) in [~ My, (7)Um (2 + 7)dr does not depend on
entering time z, therefore we can take it out of the integral. As a result we obtain

[ My (7)d7 - Upa (0). More than that [ M, ()dr boils down to P, and [;° By, (7)dr
to B,,. Also we add the vector 1 to ensure that the probability to start from a state
in Vg is one (see (9)). [

Since the coefficients of the linear equations are all known, solving the system of
linear equations yields Up(0), which contains the probability Prob,, (0) of reaching Vi
from initial vertex vy.

Now we explain how (24) is derived from (17). The term IL;(Ac;)-F;U;41(0) is for the
delay transitions, where F; specifies how the delay transitions are connected between G;
and G11. The term II%(Ac;) - Up(0) is for Markovian transitions with reset. TI%(Ac;) in
the augmented CTMC Cf specifies the probabilities to take first transitions inside G; and
then a one-step Markovian transition back to Gy. Eq. (25) is derived from (18). Since it
is the last region and time goes to infinity, the time to enter the region is irrelevant (thus
set to 0). Thus fo (7)dr boils down to P;. In fact, the Markovian jump probability

inside G,,, can be taken from the embedded DTMC of C,,, which is Pl.

Ezxample 10. For the single-clock DMTA? in Fig.4(a) (page 13), we show how to com-
pute the reachability probability Prob((vg,0), (vs,-)) on the region graph G (cf. Fig. 4(d)),
which has been partitioned into subgraphs Gy, G; and Gs as in Fig. 8.

The matrices for Gy are given as

0 Lorg-e =707 ( 1000
My(z) = [ 0.5 ™% 0 0] Fo=[0000
0 0 0 0010

The matrices for G; are given as

07g-e"0 0 00 000
0 0 0 0 00 101
M@ =10 0 omer=| Fr={10] B {000
0 0 0 0 01 000
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v1, o>

lo, 1<x<2 \

l'eéet, 0.5 1

0, 1<e<2

V7, T2 | | Vg, T2

Go G1 G

Fig. 8. Partition the region graph in Fig. 4(d)

079-e7™%0 0 0 0 0

0 0 0 0 05700272

0 0 Orge ™ 0 0 0
“ry=[0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

The matrices for Go are given as

- 0rge™™Y 01
M,(z) = <0r2 eO > P2—<00>

To obtain the system of linear equations, we need:

P11 P13 P15 P17 P1o P12 P14
Poo poz po P31 P33 P35 P37 | A D30 P32 P32
ITo(1) = | p2o P22 p2a | TIi(1) = IIg(1) = | 277222
P40 Pas Pia P51 P53 P55 Ps7 D50 P52 Ps4
Pr1 P73 P75 D7t P70 P72 P74

All elements in these Il-matrices can be computed by the transient probability in
the corresponding CTMCs Co, C; and Cf (cf. Fig.9).
The obtained system of linear equations by applying Theorem 4 is:

U P00 Po2 Po4 1000 Zl
ug | = | pop22p2sa | -{ 0000 u3
Uy P40 P42 P44 0010 >
ur
uy P11 P13 P15 D17 00 D10 P12 P14 u
uz | _ [ psipsspsspsr | [ 00| (UG) 4 | P30 Ps2 Ps2 uo
us P51 P53 P55 D57 10 ug D50 D52 D54 ul
uy P71 P73 P15 D77 01 D70 P72 D14 3

()= (o) (i) + (3)

29

This can be solved easily.



To @ 9

Fig. 9. Derived CTMCs

Remark 6. We note that for two-clock DTA® which yield two-clock DMTA?, the ap-
proach given in this section fails in general. In the single-clock case, the reset guarantees
to jump to Gp(0) and delay to G;11(0) when it is in G;. However, in the two-clock case,
after a delay or reset generally only one clock has a fixed value while the value of the
other one is not determined.

The time-complexity of computing the reachability probability in the single-clock
DTA? case is O(m - |S|* - |[Loc|> - X - Ac+m? - |S|* - |Loc|*), where m is the number of
constants appearing in the DTA?, |S] is the number of states in the CTMC, |Loc| is the
number of locations in the DTA?, X is the maximal exit rate in the CTMC and Ac =
maxo<icm{cis1 — ci}. The first term m - |S|* - [Loc|* - A+ Ac is due to the uniformization
technique for computing transient distribution; and the second term m3 - |S|* - |Loc|®
is the time complexity for solving a system of linear equations with O(m - |S| - |Loc|)
variables.

5 Model Checking DTA“ Specifications

We now deal with DTAY specifications. Given the product M« = (Loc, X, £y, Locx, E, ~
), we first define the region graph G* (M%) (or simply G*) as (V, v, Vi, A, —) without
specifying how the accepting set V* is defined. This will become clear later. The elements
V, vg, A and — are defined in the same way as in Def. 10 (page 16).

The Muller acceptance conditions Q= in the DTA® consider the infinite paths that
visit the locations in F' € Q# infinitely often. For this sake, BSCCs in the region graph
G“ that consist of set of vertices corresponding to Ly € Locr are of most importance.
Note that it is not sufficient to consider the BSCCs in the DMTAY. The reason will
become clear in Remark 7. Let v € B denote that vertex v is in the BSCC B. We define
accepting BSCCs as follows:

Definition 12 (aBSCC). Given a product C ® A¥ = (Loc, X, by, Locg, E,~) and its
region graph G¥, a BSCC B in G¥ is accepting if there exists Lrp € Locg such that for
any v € B, v|; € Lr. Let aB denote the set of accepting BSCCs in G“.

Based on a3, we can now define the set of accepting vertices of G¥ as Vg = {v € B |
B € aB}. Note that it is not an acceptance family but a set of accepting vertices.

Ezample 11. For the DMTAY in Fig.5(c) with Locr = {{Kl,fg,fg},{&,&,fﬁ}}, the
region graph is as in Fig. 10. There is one accepting BSCC, which has been labeled with
gray. This BSCC corresponds to the set {{4, 5,06} € Locy in the DMTAY. There is
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no BSCC corresponding to the set {{1, s, 3} because in the region graph v12 and vy
are sink vertices connecting to the SCC. In other words, the probabilities will leak when
x > 2 on either ¢1 or 5. This is determined by the guards on the DTAY.

V0,10 V9, T0

Lo, 0<z<1

Lo, 1<z<2

V10,71

V11,73

L4, 0<z<1 U5, 0<z<1

4 4

U3, T1 V4, T3 V12,71

V14,73

U4, 1<2<2 U5, 1<x<2 ‘ b, 2>2 ‘ ‘ 2% >¥ ‘

0.7
Vs, T1 8 1 6,0 1 ] V7,73
‘ Ly, x>2 ‘ ‘ ls, 1<a<2 ‘ ’ U5, 222 V15,0
0.3 07 0.3 0.7
1 g 1 d
Lo,z > 2 U3, 2=2
vs, T2 V16, T2

Fig. 10. Region graph of the product DMTA® in Fig. 5(c)

We remark on two points: 1) the probability of staying in an ¢aBSCC is 1, consid-
ering both the delay and Markovian transitions. That is to say, there are no outgoing
transitions from which probabilities can “leak”; 2) any two aBSCCs are disjoint, such
that the probabilities to reach two BSCCs can be added. These two points are later
important for the computation of the reachability probability.

Let Prob© (A“) be the probability of the set of infinite paths in C that can be accepted
by A“. The following theorem computes Prob®(A*) on the region graph:

Theorem 5. For any CTMC C, DTAY A¥, and the region graph G = (V, vy, V¥, A, —
) of the product, it holds that:

Prob€(A%) = Prob?" (vg, HVE).
Proof. We show the theorem by the following three steps:

1. Prob®(A%) = Prob“®*(Locg), where Prob®®*(Locz) denotes the probability of
accepting paths of DMTA C ® A w.r.t. Muller accepting conditions;

2. Prob’®A(Locr) = Prob?" (vo, Locy);

3. Prob9” (vg, Locx) = Prob9” (vg, & V).

For the first step, we note that Paths®(A*) = Nicick Paths® where

Paths' = ﬂ U U C(s0, Loy -y Ine1,8ny -+ s In—1, Sm )5 where
n20m>=n 80,--,Sn;Sn+1--+,8m
- {Sn+17 ey Sm} = LF»L?
— C(so, Lo,y In—1,5n,..., Im—1,5m) is the cylinder set such that each timed path
of the cylinder set of the form sq —2 - .- bnot, g oo dmoiig s a prefix of an

accepting path of A.
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Similar to Lemma 1, one can easily see that each path of CTMC C can be lifted to a
unique path of DMTAY C ® A“. Following the same argument as in Theorem 2, one
can obtain that for each cylinder set of the form C(sg, lo, ..., In—1,8n,- -, Im—1,5m), C
and C ® A“ give rise to the same probability. Hence Prob®(A“) = Prob®®A” (Locr).

For the second step, we need to define a timed path of G, which is of the form
vo 25 vy —25 - .. such that given the initial valuation 79, one can construct a sequence
{n:} such that

— Nit1 = (i + 6)[X; := 0] if n; + ¢; = Inv(v;) (namely, the transition from v; to v;41
is via a Markovian transition); and

— g1 = 0 + t; if m; + t; € OInv(v;) (namely, the transition from v; to v;41 is via a
forced boundary jump).

A path of G“ is accepted if the discrete part of the path, namely vgvy - -+ meets the
Muller condition.

Following the standard region construction, one can lift a timed path of DMTA¥
C®.A“ to a unique timed path of the corresponding region graph G“. Moreover, following
the same argument of Theorem 3, one can show that C ® A¥ and G“ give rise to the
same probability to the accepted paths.

For the third step, we note that according to the ergodicity of PDP (region graph),
for each path of G“, with probability 1 the states visited infinitely often constitute a
BSCC. It follows that

Prob9” (vo, Locy) = Z Prob{p | inf(p) = B}.
BeaB

We note that for each note v in an accepting BSCC, Prob{Paths® (v)} = 1. Hence
Prob¥” (vo, Locx) = Prob?” (vg, & VE).
|

w

Actually, the region graph G“ can be simplified to G¥ . to compute Pmbc(A‘“). <
is obtained by making (i) all vertices in V¥ and (ii) all vertices that cannot reach V¥
absorbing. (i) is justified by the fact that for these v € V¥, ProbY (v, VE¥) = 1; while
(ii) is because Prob? (v/, & VE) = 0, for v cannot reach V. Tt is obvious to see that

Prob9” (vg, & VE) = Probees (vg, & VE).

Vo, T'o V9, To

0 Lo, 1<x<2

V2,73 1

£o,0<a<1

V1,71

1 1
Fig. 11. The transformed region graph G2,

FEzxample 12. The transformed region graph G¢, . of that in Fig.10 is shown in Fig. 11.
We omit all the vertices that cannot be reached from vy in G .. In this new model,
Vg = {v1,v2}. We now can perform the approach for computing timed-unbounded
reachability probabilities in Section4 such that Eq.(7)-(9) can be applied. We have:
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Prob9s (vg, & VE) = Prob9e= (vg, & aty, )+ Prob%et (vg, & aty, ). Note that Prob%ers (v;, & VE) =
5

1fori=1,2 and 0 for ¢ = 9. For the delay transition vy — vy,
Proby,, 5(0) = e " - Prob,, (1) = e 1.0 = 0.

. .. 0.4,{z}
For the Markovian transition vg — = vy,

1 1
Probu,.v, (0) :/ 0.4-rg-€~"°T- Prob,, (7)dr =/ 0.4-rg-e”"7dr.
0 0

0.6,{z
A similar reasoning applies to vy f—{> ' v9. In the end, we have
1 1
Prob®(A“) = / (0.440.6)-rg-e” " "dr = / ro-e” " Tdr =1 —¢e7"0.
0 0

Remark 7 (Why not BSCCs in the product?). There are two BSCCs in the product
DMTAY: one formed by {¢1,¢3,¢3} and the other by {/4,¢5,%s}. As turned out in the
example that only the latter forms a BSCC in the region graph while the former does
not. This is because the guards on the transitions also play a role on whether a path
can be accepted. The impact of guards, however, is not immediately clear in the product
DMTA®, but is implicitly consumed in the region graph. This justifies finding BSCCs
in the region graph instead of in the product.

Theorem 5 implies that computing the probability of a set of infinite paths (LHS)
can be reduced to computing the probability of a set of finite paths (RHS). The latter
has been solved in Section 4 with the characterization of a system of integral equations
and also the approximation by a system of PDEs. The case of a single clock DTAY, due
to this reduction, can also be solved as a system of ODEs (as in Section 4.2).

6 Conclusion

We addressed the quantitative verification of a CTMC C against a DTA? A (DTA% A¥).
As a key result, we showed that the set of the accepting paths in C by DTA is measurable
and the probability of C = A can be reduced to computing reachability probabilities in
the embedded DTMP of a PDP. The probabilities can be characterized by a system of
Volterra integral equations of the second type and can be approximated by a system of
PDEs. For single-clock DTA?, this reduces to solving a system of linear equations whose
coefficients are a system of ODEs. The probability of C = A“ is reducible to computing
the reachability probabilities to the accepting BSCCs in the region graph and the thus
obtained PDP.
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