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Abstract. We study a well-known resource allocation game introduced by Kout-
soupias and Papadimitriou. It was conjectured by Gairing et al. that the fully
mixed Nash equilibrium is the worst Nash equilibrium for this game. The known
algorithms for approximating the so-called “price of anarchy” w.r.t. mixed equi-
libria rely on this conjecture. We present a counterexample to the conjecture
showing that fully mixed equilibria cannot be used to approximate the price of
anarchy within reasonable factors.

1 The Game

Koutsoupias and Papadimitriou introduced a resource allocation game in which
n jobs of size wi,...,w, > 0 shall be assigned to m identical machines. Each
job is managed by a selfish agent. The set of pure strategies for task i is [m] :=
{1,...,m}. Let (j1,...,7n) € [m]"™ be a combination of pure strategies, one for
each task. The load of link j is defined as

)\j = Z wg
Jk=J
The cost for agent ¢ is \j,. Every agent aims at minimizing her cost. The social
objective is to minimize the maximum cost over all agents or, equivalently, the
maximum load over all machines.

Agents may also use mized strategies, i.e., probability distributions on the
set of pure strategies. Let p] denote the probability that agent ¢ assigns its job
to link j. Then

EN] = Y wip .

i€[n]
The social cost of a mixed strategy profile P = (pf ) is defined as
SC(P) = E [max )\]}
Jjelm]
The expected cost of task © on link j is
cg = wi+2wkp£ = E[\]+(1 —p{)wi .
ki

A (mixed) strategy profile P defines a Nash equilibrium if and only if any
task ¢ will assign non-zero probabilities only to links that minimize ¢, that is,
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(pZ ) > 0 implies 017 < ¢, for every g € [m]. A Nash equilibrium is called fully
mized if pf > 0 for all ¢ € [n], 7 € [m]. The game under consideration admits
a unique fully mixed Nash equilibrium F in which each job is assigned with
probability -1 to each machine [9].

2 The Conjecture

Mavronicolas and Spirakis [9] investigate the social cost of fully mixed Nash
equilibria. The motivation for their study is the hope that the techniques for the
analysis of fully mixed strategies can be appropriately extended to yield upper
bounds on the social cost for general equilibria. This hypothesis is formalized in
the following conjecture stated in [4, 5].

Conjecture 1 (FMNE congecture). The fully mixed Nash equilibrium F is the
worst Nash equilibrium, that is,

SC(F) > SC(P) ,
for every Nash equilibrium P.

Several attempts have been made to prove the conjecture. For example, it
was shown that the conjecture is true for the case m = 2 [5] and for the case
that P refers only to pure equilibria [4]. Furthermore, it was shown that the
conjecture holds in an approximate sense if m = n [1,4]. In [3], an FPRAS for
the social cost of the fully mixed Nash equilibrium is presented.

The FMNE conjecture seems to be intuitive and appealing since in case of
its validity it would allow for an easy identification of the worst-case mixed
Nash equilibrium, whereas the worst case pure Nash equilibrium is NP-hard to
compute.

3 The Counterexample

We present a counterexample to the FMNE conjecture. More specifically, we
show that there is a family of simple instances of the game for which there exists
an equilibrium P with

Inm
SCP) = 2(SC(F)-
(P) < (F) In lnm>
Let us remark that this is the worst possible ratio as it follows from the analyses
in [2, 8] that the social cost of every Nash equilibrium can be at most O (1 ﬁg”m)
times the optimal social cost.

Theorem 1. For every m, there exists an instance of the resource allocation
game with m machines admitting a Nash equilibrium P with

SCP) = <io(1)>-lﬁfm-50(m .

The instance consist of n = O(f(m) - mlnm) jobs whose weights differ at most
by a factor O(f(m) -Inm), where f denotes an arbitrary function in w(1).



Proof. The counterexample uses only two different kinds of jobs: Large jobs of
weight 1 and small jobs of weight +, k € N. Let £ < m denote the number of
large jobs. The number of small jobs is k(m — £). Thus, the total weight is m
and the optimal assignment has social cost 1. We show that the fully mixed
equilibrium has social cost close to optimal if the parameters k and ¢ are chosen
appropriately.

Lemma 1. If k= Q(f(m)-lnm) and £ = O(y/n/f(m)) then SC(F) < 2+0(1).
Proof. Recall that F assigns each job with probability % to each of the machines.

— The assignment of the large jobs corresponds to a balls-and-bins experiment
in which £ = O(y/m/f(m)) balls are assigned uniformly at random to m
bins. Fact 2 from the Appendix yields that for this experiment the expected
number of balls in the fullest bin is 1 + o(1). Thus, the expected maximum
load due to the large jobs is 1 4 o(1), too.

— The assignment of the small jobs corresponds to a ball-and-bins experiment
in which k(m — ¢) balls are assigned uniformly at random to m — ¢ bins
for k = 2(f(m) - Inm). Fact 3 shows that for this experiment the expected
number of balls in the fullest bin is (14 o(1)) - k. Since each ball corresponds
to a job of weight %, the expected maximum load due to the small jobs is
thus 1+ o(1) as well.

Combining the upper bounds for the small and the large jobs yieds that the
maximum load over all machines is at most 2 + o(1) when taking into account
all the jobs. O

Next we present a mixed Nash equilibrium whose maximum load is lower-
bounded by a function in £.

Lemma 2. There exists a Nash equilibrium P with SC(P) > (1 —o(1)) - hﬁf('

Proof. We construct P in the following way. The small jobs are assigned using
pure strategies. They are distributed evenly among the machines 1,...,m — /¢
such that each machine receives k small jobs. Hence, their load is fixed to 1. The
large jobs are assigned to each of the remaining ¢ machines with probability 1/¢.
Again, the expected load of these machines is 1. This is a Nash equilibrium since
no job can improve by an unilateral move:

— For a small job 7 assigned to machine j;, we have cZ’ =1 and c*Z =1+1/k
for j # Jji. A A
— For a large job 4, we have ¢; =2 —1/kif j>m—Cand ¢, =2if j <m — (.

The social cost of this equilibrium equals the maximum occupancy of the balls-
and-bins experiment where ¢ balls are assigned uniformly at random to ¢ bins. It

is well-known that the maximum occupancy of this assignment is (1+0(1))- %
(see, e.g. [6]). 0

The ratio between the bounds in Lemma 1 and 2 is maximized by choosing
¢ as large as possible under the constraints specified in Lemma 1. W.l.o.g., let
f(n) = O(Inn). We set £ = O(y/m/f(m)). This way, SC(P) > (3 —o(1)) Inm

"Inlnm

and SC(F) <2+ o(1). This completes the proof of Theorem 1. 0



Let us remark that we can fine-tune the above example such that for m = 14
machines and ¢ = 3 large jobs the expected maximum load of P is 17/9 and the
expected maximum load of F is 15/9 4+ 3/14 + ¢ < 17/9, where ¢ > 0 can be
made arbitrarily small by increasing the number of small jobs. Thus there is a
counterexample to the FMNE conjecture with only 14 machines.
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Appendix
The following facts have almost surely been shown somewhere else before.

Fact 2 Let f denote any function in w(1). If n < \/m/f(m) balls are assigned
independently and uniformly at random to m bins. Then the expected number of
balls in the fullest bin is 1+ o(1).

Proof. The probability that there exists a bin with at least £ > 2 balls is at most

n 1 k mk/2 1
m(k) <E> S R fm) mET S R f(m)

Therefore, the expected number of balls in the fullest bin is at most

1+ZW = 1+o0(1) .

O

Fact 3 Let f denote any function inw(1). If n < m-f(m)-Inm balls are assigned
independently and uniformly at random to m bins. Then the expected number of
balls in the fullest bin is f(m)-Inm+O(y/f(m)-Inm) = (14+0(1))- f(m) -lnm.



Proof. Fix any bin. The expected number of balls assigned to that bin is f(m) -
Inm. Applying a Chernoff bound (see, e.g. [7]), we obtain that the probability
that a bin receives at least (1 + €) - f(m) - lnm balls is at most

exp <—%62 - f(m) - lnm> ,

for any € € R. For ¢t > 0, let p(t) denote the probability that the maximum
occupancy is at least ¢t f(m)-logm. Applying the union bound and substituting
e =t — 1 into the above bound yields

ple) < meexp (—5(0 =17 )

The expected maximum occupancy is thus upper-bounded by

) -logm - / tydt < f(m)- logm-<7'+/jop(t)dt> ,

where the latter inequality holds for any 7 > 0. We choose 7 =1+ ,/ % as the
term f p(t)dt is sufficiently small for this choice, that is,

& 1 /
< m-exp | — ( —|—t> < f(m)-lnm | dt
0 3
& 1
< m-exp | — 3 “Inm | dt
0 3
& 2
= exp| ——=-t- m lnm>dt
e (55

:2‘\/f(m)~lnm '

Hence, the expected maximum occupancy is at most

/| 3 V3
f(m).logm.<1+ f(m)+2. _f(m)'lnm>

= f(m) -logm + O (W-logm)
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