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Abstract

For term rewrite systems (TRSs), a huge number of automated termination analysis tech-
niques have been developed during the last decades, and by automated transformations
of Prolog programs to TRSs, these techniques can also be used to prove termination of
Prolog programs. Very recently, techniques for automated termination analysis of TRSs
have been adapted to prove asymptotic upper bounds for the runtime complexity of TRSs
automatically. In this paper, we present an automated transformation from Prolog pro-
grams to TRSs such that the runtime of the resulting TRS is an asymptotic upper bound
for the runtime of the original Prolog program (where the runtime of a Prolog program is
measured by the number of unification attempts). Thus, techniques for complexity analysis
of TRSs can now also be applied to prove upper complexity bounds for Prolog programs.

Our experiments show that this transformational approach indeed yields more pre-
cise bounds than existing direct approaches for automated complexity analysis of Prolog.
Moreover, it is also applicable to a larger class of Prolog programs such as non-well-moded
programs or programs using built-in predicates like, e.g., cuts.

KEYWORDS: complexity analysis, automated reasoning, logic programs, term rewriting

1 Introduction

Automated complexity analysis of term rewrite systems has recently gained a lot
of attention (see, e.g., (Avanzini et al. 2008; Avanzini and Moser 2009; Bonfante
et al. 2001; Hirokawa and Moser 2008; Marion and Péchoux 2008; Noschinski et al.
2011; Waldmann 2010; Zankl and Korp 2010)). Most of these complexity analysis
techniques were obtained by adapting existing approaches for termination analysis
of TRSs. Indeed, complexity analysis can be seen as a refinement of termination
analysis: Instead of only asking whether a program will eventually halt, one asks

* Supported by the DFG under grant GI 274/5-3, the DFG Research Training Group 1298 (Al-
goSyn), and the Danish Council for Independent Research, Natural Sciences.
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how many steps it will take before the program halts. This view is also apparent in
the competition on automated complexity analysis of TRSs, which takes place as
part of the annual International Termination Competition' since 2008, and where
most of the competing tools are built on the basis of a termination analyzer.

In the area of termination analysis, there exist several transformational ap-
proaches which permit the use of techniques for automated termination proofs
of TRSs also for termination analysis of logic programs. To this end, logic pro-
grams are automatically transformed into TRSs in a non-termination preserving
way (see, e.g., (Ohlebusch 2001)). In fact, this transformational approach for ter-
mination analysis of logic programs turned out to be more powerful than techniques
to analyze termination of logic programs directly (Schneider-Kamp et al. 2009).

In this paper, we develop a similar transformational approach for complexity
analysis. While there already exists some work on direct complexity analysis for
logic programs (e.g., (Debray and Lin 1993; Lépez-Garcfa et al. 2010)?), these
approaches are restricted to well-moded logic programs. By making complexity
analysis of TRSs applicable to logic programs as well, we obtain an approach for
automated complexity analysis of Prolog which is applicable to a much wider class
of programs (including non-well-moded and non-definite programs).® Moreover, as
shown by extensive experiments, the implementation of our approach in the tool
AProVE (Giesl et al. 2006) is far more powerful than the previous direct approaches.

We introduce the required notations, the considered operational semantics, and
the notion of complexity for Prolog programs in Sect. 2. In Sect. 3 we show that
existing transformations from logic programs to TRSs, which were originally devel-
oped for termination analysis, cannot be directly used for complexity, as they do
not preserve asymptotic upper complexity bounds. The reason is that backtracking
in the logic program is replaced by non-deterministic choice in the TRS.

Thus, we propose a new transformation based on a derivation graph which repre-
sents all possible executions of a logic program. This is similar to our approach for
termination analysis in (Schneider-Kamp et al. 2010; Stroder et al. 2010) which goes
beyond definite logic programs. In this way, the transformation is also applicable to
Prolog programs using built-in predicates like cuts. We explain derivation graphs
in Sect. 4. Then in Sect. 5, we present a method to obtain TRSs from such graphs
which have at least the same complexity as the original Prolog program. To this end,
we also developed a new criterion for determinacy analysis of Prolog (Hill and King
1997). In Sect. 6, we compare our approach to the existing direct ones empirically.

2 Preliminaries

Let ¥ be a set of function symbols. Each f € ¥ has an arity n € IN denoted f/n. We
always assume that 3 contains at least one constant symbol. Moreover, let V be a
countably infinite set of variables. The set of terms 7T (3,V) is the least set where

1 See http://www.termination-portal.org/wiki/Termination_Competition

2 Moreover, there also exist approaches to infer lower complexity bounds for logic programs, (e.g.,
(Debray et al. 1997; King et al. 1997)), whereas our approach can only infer upper bounds.

3 However, our implementation currently does not treat built-in integer arithmetic, whereas (De-
bray and Lin 1993; Lépez-Garcia et al. 2010) can handle linear arithmetic constraints.
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YV C T(%,V) and where f(t1,....t,) € T(X,V) for all f/n € ¥ and t1,...,1, €
T(X,V). V(t) denotes the set resp. the sequence of variables in a term t. For a term
t ="f(t1,...,tn), we have root(t) = f/n. A position pos € IN* in a term ¢ addresses
a subterm #|,,s of t. We denote the empty word (and thereby the top position) by
e. The term ¢[s],0s results from replacing the subterm ¢|,,s at position pos in t by
the term s. So t|. = ¢ and t[s]. = s. For pos =i pos’, i € N, and t = f(¢1,...,t,),
we have t|pos = t|i pos’ = tilpos’ and t[8]pos = t[S]i post = f(t1,. .., ti[s]post, - - - s tn)-
For the basics of term rewriting, see, e.g., (Baader and Nipkow 1998). A term
rewrite system (TRS) R is a finite set of pairs of terms ¢ — r (called rules) where
£ ¢V and V(r) C V(). The rewrite relation s —x t for two terms s and ¢ holds iff
there is an ¢ — r € R, a position pos, and a substitution ¢ such that lo = s|p,s and

t = s[ro]pos. The rewrite step is innermost (denoted s —i>7g t) iff no proper subterm
of Lo can be rewritten. The defined symbols of a TRS R are X4 = {root(() | ¢ —
r € R}, i.e., these are the function symbols that can be “evaluated”.

Different notions of complexity have been proposed for TRSs. In this paper, we
focus on innermost runtime complexity (Hirokawa and Moser 2008), which corre-
sponds to the notion of complexity used for programming languages. Here, one only
considers rewrite sequences starting with basic terms f(¢y,...,t,), where f € X4
and tq,...,t, do not contain symbols from ¥4. The innermost runtime complexity
function ircg maps any n € IN to the length of the longest sequence of —>x-steps
starting with a basic term ¢ where [¢| < n. Here, [¢| is the number of variables
and function symbols occurring in t. To measure the complexity of a TRS R, we
determine the asymptotic size of ircr, i.e., we say that R has linear complexity iff
ircr(n) € O(n), quadratic complexity iff ircg (n) € O(n?), etc.

See, e.g., (Apt 1997) for the basics of logic programming. As in the ISO standard
for Prolog (ISO/IEC 13211-1 1995), we do not distinguish between predicate and
function symbols. A query is a sequence of terms, where [J denotes the empty query.
A clause is a pair h := B where the head h is a term and the body B is a query.
If B is empty, then one writes just “h” instead of “h :=[1". A Prolog program P
is a finite sequence of clauses. In this paper, we consider unification with occurs
check.* If s and ¢ have no mgu o, we write mgu(s,t) = fail. Slicep(p(t1,...,t,)) is
the sequence of all program clauses “h := B” from P where root(h) = p/n.

We consider the operational semantics in (Stroder et al. 2011) which is equivalent
to the semantics in (ISO/IEC 13211-1 1995). A state has the form (Gy | ... | Gp)
where G1 | ... | G, is a sequence of goals. Essentially, a goal is just a query, i.e., a se-
quence of terms. In addition, a goal can also be labeled by a clause ¢, where the goal
(t1,...,1r)° indicates that the next resolution step has to be performed with clause
c. Intuitively, a state (G; | ... | Gy) means that we currently have to solve the goal
G4, but that Go, ..., G, are the next goals to solve when backtracking.® The initial
state for a query (t1,...,t;)is ((t1,...,tx)), i.e., this state contains just a single goal.
The operational semantics can be defined by a set of inference rules on these states.

4 Our method could be extended to unification without occurs check, but we left this as future
work since the complexity of most programs does not depend on the occurs check.
5 We omit answer substitutions for simplicity, since they do not contribute to the complexity.
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Fig. 1. Inference Rules for the Subset of Definite Logic Programs

In Fig. 1, we show the inference rules for the part of Prolog which defines definite
logic programming. Here, S denotes a (possibly empty) sequence of goals. The set
of all inference rules for full Prolog can be found in (Stréder et al. 2011). Since
each state contains all backtracking goals, our semantics is linear (i.e., a derivation
with these rules is just a sequence of states and not a search tree as in the classic
Prolog semantics). As outlined in (Stroder et al. 2011), this makes our semantics
particularly well suited for termination and complexity analysis.

For a Prolog program P and a query (), we consider the length of the longest
derivation starting in the initial state for ). As shown in (Stroder et al. 2011), this
length is equal to the number of unification attempts when traversing the whole SLD
tree according to the semantics of (ISO/IEC 13211-1 1995), up to a constant factor.

Thus, we use the length of this longest derivation to measure the complexity
of Prolog programs.® We consider classes of atomic queries which are described
by a p € ¥ and a moding function m : X x IN — {in, out}. So m determines
which arguments of a symbol are considered to be input. The corresponding class
of queries is QP = {p(t1,...,tn) | V(t;) = @ for all i with m(p,i) = in }. For a
moding function m, and any term p(t1,...,%,), its moded size is |p(t1,...,tn)|m =
Yie(1,...n}sm(p.i)=in [ti|. Thus, for a program P and a class of queries QF,, the Prolog
runtime complezity function prep ge maps any n € IN to the length of the longest
derivation starting with the initial state for some query Q € OP with |Q|,, < n.
For a program P and a class of queries QP , our aim is to generate a TRS R such
that asymptotically, ircg (n) is an upper bound of prep op. (n).

3 Direct Transformation

Consider the following program sublist.pl from the Termination Problem Data
Base (TPDB)" with the class of queries Q“P*t. Here m is a moding function with
m(sublist, 1) = out and m(sublist, 2) = in.

(1) app([],¥s,¥s).
(2) app(.(X,Xs),Y¥s,.(X,Zs)) :- app(Xs,Y¥s,Zs).
(3) sublist(X,Y) :— app(P,U,Y), app(V,X,P).

This program computes (by backtracking) all sublists of a given list. Its complexity

6 In contrast, (Debray and Lin 1993; Lépez-Garcia et al. 2010) use the number of resolution steps
to measure complexity. As long as we do not consider dynamic built-in predicates like assert/1,
these measures are asymptotically equivalent, as the number of failing unification attempts is
bounded by a constant factor (i.e., by the number of clauses in the program).

7 This is the collection of examples used in the annual International Termination Competition.
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w.r.t. Qublist is quadratic since the first call to app takes a linear number of unifi-
cation attempts and produces also a linear number of solutions. The second call to
app again needs linear time, but due to backtracking, it is called linearly often.

We now show that the classic transformation from (well-moded) logic programs
to TRSs (see, e.g., (Ohlebusch 2001)) cannot be used for complexity analysis.®
Note that the example program is well moded if m is extended to app by defining
m(app, 1) = m(app,2) = out and m(app,3) = in. For each predicate p, the trans-
formation introduces two new function symbols p™ and p°“. Let “p(3, f)” denote
that §and ¢ are the sequences of terms on p’s in- and out-positions.

e For each fact p(3,1), the TRS contains the rule p™*(5) — p°“(%).
e For each clause ¢ of the form p(3,t) : - p1(si,t1),. .., px(Sk,tr), the resulting
TRS contains the following rules:
S WERELVE)
ui (PP (1), V(5) = us(p§'(52), V(3) UV(#))

ug (PR ({), V() UV(E) U . UV(fr—r)  — p(1)
If the resulting TRS is terminating, then the original logic program terminates for
any query with ground terms on all input positions of the predicates, cf. (Ohlebusch
2001). For our example program, we obtain the following TRS.

app™™(Ys) —>app°“t([]7 Ys)
app” (.(X, Zs)) — ul®) (appi™(Zs), X, Zs)
ul? )(app"“t(Xs Ys), X, Zs)—)app(’“t(.(X7 Xs), Ys)
sublist™ (Y') — u1 (appm(Y), Y)
ui® (app?et (P, U),Y) = u” (appi(P), Y, P,U)
ul® (appe (V, X), Y, P,U) — sublist®*(X)

However, the complexity of this TRS is linear instead of quadratic. The reason
is that backtracking in Prolog is replaced by non-deterministic choice in the TRS.
While Prolog uses backtracking to traverse the whole SLD-tree, the evaluation of
the TRS corresponds to exactly one branch in the tree. Since the SLD-tree is finitely
branching, this is sound for termination analysis, but not for complexity. So we need
a transformation which takes backtracking into account in order to make complexity
analysis of TRSs applicable for complexity analysis of Prolog.

4 Constructing Derivation Graphs

We now explain the construction of derivation graphs which represent all evalua-
tions of a Prolog program for a certain class of queries, cf. (Schneider-Kamp et al.
2010). Here, we regard abstract states, which represent sets of concrete states. In
addition to the set of “ordinary” variables A/, we also use a set of abstract variables
A = {Ty,Ts,...} which represent fixed, but arbitrary terms (thus, V = N & A).
To instantiate abstract variables, we use special substitutions ~y (called concretiza-

8 The same is true for the more refined transformation of (Schneider-Kamp et al. 2009) which
works similarly, but which can also handle non-well-moded programs.
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Q) IS; g I I
ASE f Si t) = ey Ca
G L@ 5 (CASE) i Slicer(®) = (1, eu)
d|s; g S; G if there is a p such that S = S’p and

5.0 (Suc) g (INST) ¢ = Uregr V(Th).
where mgu(t,h) = o. W.lo.g., for all X € V,
Q" P s g V(o (X)) only contains fresh abstract variables not
B S g 5. g (E ) occurring in ¢, Q, S, or G. Moreover, we have G’ =

(Bo,Qo) | Solg ; ; A(Range(o|y)).

where § replaces all (abstract and non-abstract) vari-
ables from V \ G by fresh abstract variables and g =

g (SPLIT) G U NextG(t,G)d, i.e., G is extended by the d-renamings
of those variables which will be instantiated by a ground
term after each successful evaluation of ¢.

Fig. 2. Inference Rules for Abstract States

tions) where Dom(vy) = A and Range(y) C T(X,N). Apart from the sequence of
goals, an abstract state contains a set G C A of abstract variables that only repre-
sent ground terms (in the derivation graph, we denote such variables by overlining
them). So we only consider concretizations v where v(T) is ground for all T' € G.

In Fig. 2 we extend the inference rules of our operational semantics from Sect. 2
to abstract states. For the rules SuC and CASE, this is straightforward. For EvAL,
however, note that an abstract state may represent both concrete states where
the unification of the current query ¢ with the head A of the next program clause
succeeds or fails. Thus, the abstract EVAL rule has two successor states in order to
combine both the concrete EVAL and the concrete BACKTRACK rule. Consequently,
we obtain derivation trees instead of derivation sequences.

In EVAL, we assume that mgu(t,h) = o renames all variables to fresh abstract
variables (to handle sharing effects correctly). If a concretization « corresponds to
EvVAL’s first successor (i.e., if ¢y and h unify), then for any T' € G, Ty is a ground in-
stance of T'o. Hence, we replace all T' € G by T'o, i.e., we apply o|g to the remaining
goals S. The new set G’ of abstract variables that may only be instantiated by
ground terms are the abstract variables occurring in Range(o|g). Fig. 3 shows the
derivation for our example program when called with queries of the form sublist(77,
Ty) (i-e., the initial state A corresponds to the class of queries Q5UPt where sublist’s
second argument is ground). The nodes of such a derivation graph are states and
each step from a node to its children is done by the inference rules of Fig. 2.

In Fig. 3, as the child of D, we have the state ((app(Ti1, Tk, 7o) | app(Ti1, Tk,
Ty)?) ; G) where G = {Ty}. Here, app([],Ys,Ys) must be used for the next evalu-
ation. The EVAL rule yields two successors: In the first, we have o = mgu(app(711,
Ty, Ty),app([], Vs, Ys)) = {Ts/Ti2,To/T12,T11/|], Ys/T12} which leads to ({0 |
app(Th1, Tz, Ti2) @) ; {T12}). The second successor is ((app(T11, Tk, 1o)?) ; G).

If one uses the EVAL rule for a state s, then we say that the mgu o is associated
to the node s and label the edge to its first successor by o. In these labels, we
restrict the substitutions to those variables occurring in the state. So in Fig. 3, the
substitution {Tx/Ti2, To/T12, T11/[]} is associated to the child of node D.

To represent all possible evaluations in a finite way, we need additional inference
rules to obtain finite derivation graphs instead of infinite derivation trees. To this
end, we use an inference rule which can refer back to already existing states. Such
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INST edges can be drawn in
the derivation graph if the
current state s represents
a subset of those concrete
states that are represented
by an already existing state B | app(T5, T, Tq), app(Tr, T, Ts) e

s’ (i.e., s is an instance of -
s'). Essentially, this holds if

. . . app(Ts, T, Tg) | C )
there is a matching substi- ---

tution g making s’ equal to

s. Moreover, s and s’ must app(T11, T, To) D) | app(T11, Ts, Tg)(?)

1

1

T T A 1

have the same groundness T8/T12vT9/T12vT1V \ X
EvaL EvaL 1

1

1

information (modu'lo 1) £ O spoityy, T, Tig) @ A ee(Tyy, Te, T)®@ |F -
Then we say that p is asso- sr 4 )
ciated to s and label the lSUC T AIVECCR
INST edge from s to s’ by G| ae(T11, 75, T1)®) &~ To/Ty5 !

EvaL 7

e
. So = {T11/T1e, Ts/T13, Ts/T1s, > /
,
i 1 T12/-(T14, T15), — -
Ty/T15} is associated to H n it et IR

and the edge from H to D is
labeled with . Fig. 3. Derivation Graph for the sublist Program
Moreover, we also need a SPLIT inference rule which splits up queries to make the
INST rule applicable. In our example, we split the query (app(Ts, Ts, T4), app(T7, T3,
Ts)) in state B. Otherwise, when evaluating the first atom app(Ts, Tg,T4) by the
program clause (2), we use the substitution {Ts/.(Ti2, T14), Ts/T15, Ta/. (T2, T13),
T:/Ti6,T3/T10} and reach a state with the query app(Ti4,Ti15,T13), app(T16, T1o,
.(T12,Ty4)). But this new state is no instance of the state B, as we would need to
match Ty both to Ty4 and to .(Ty2,T14). So without splitting queries, we would get
an infinite derivation where no resulting state is an instance of a former state.
When splitting away the first atom ¢ of a query, we over-approximate the possible
answer substitutions for ¢ by a substitution §.” While § is just a variable renaming
of the abstract variables, we use groundness analysis (see e.g., (Howe and King
2003)) to infer a set NextG(t,G) of abstract variables of ¢t which are instantiated to
ground terms in every successful derivation starting from a concretization of . More
precisely, let Groundp : ¥ x 2N — 2N be a groundness analysis function. So if p/n €
S {in, . yim )} €{1,...,n}, and Groundp(p, {i1,...,im}) = {j1,.- -, jr}, then any

successful derivation of p(t1, ..., t,) where ¢;,,...,t; are ground leads to an answer
substitution 6 where ¢;,0,...,t;, 0 are ground. Thus, Groundp approximates which
positions of p will become ground if the “input” positions i1, ...,%, are ground.

Then, we define NextG(p(t1,...,tn),G) = {V(t;) | j € Groundp(p,{i | V(t;) C
GH)}. In the SPLIT rule, the variables in NexztG(t,G) are renamed according to §
and added to the set G of abstract variables representing ground terms.

In our example, we infer that every successful evaluation of app(Ts, Tg, T4) instan-

9 The SpLIT rule is only applicable to states containing just a single goal. In our implementation,
we use an additional inference rule to split up sequences of goals, but we omitted it in the paper
for readability. See (Schneider-Kamp et al. 2010) and the appendix for more details.
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tiates the terms represented by T5 and T to ground terms. If § is a renaming with
6= {Tg/Tg,T5/Tg, TG/Tilo, T7/T11}, we have Nel'tG(app(T5,T6,T4),g)5 = {5(T5),
5(Ts)} = {Ty,Tio}. So while the first successor of the SPLIT rule has the query
app(Ts, Ty, Ty), the second successor has the query app(Ti1, Tx, Ty) where Ty only
represents ground terms. We say that § is associated to the node where we applied
the SPLIT rule and we label the edge from this node to its second successor with 4.
So in our example, d is associated to B and the edge from B to D is labeled with §.

See (Schneider-Kamp et al. 2010) for more details, further inference rules (in
order to handle also non-definite programs), and more explanation on the graph
construction. We always require that derivation graphs are finite, that they may
not contain cycles consisting only of INST edges, and that all leaves of the graph
are states with empty sequences ¢ of goals. Note that the derivation graph'® in Fig.
3 is already an over-approximation of the original program since rules like EVAL
or SPLIT may introduce abstract states representing concrete states which are not
reachable from the initial class of queries.

To obtain a transformation which over-approximates the complexity of the orig-
inal program (i.e., where the innermost runtime complexity of the resulting TRS is
an upper bound for the complexity of the Prolog program), we encode the paths of
the derivation graph. In this way, we can represent backtracking explicitly.

5 Complexity Analysis by Synthesizing TRSs from Derivation Graphs

In Sect. 5.1 we first present our approach to generate TRSs from derivation graphs.
Afterwards, in Sect. 5.2 we show how to use these TRSs in order to obtain an upper
bound on the complexity of the original Prolog program.

5.1 Synthesizing TRSs from Derivation Graphs

For a derivation graph G and an inference rule RULE, let Rule(G) denote all nodes
of G to which RULE has been applied. We denote by Succ;(s) the i-th child of node
s and by Suce;(Rule(G)) the set of i-th children of all nodes from Rule(G).

To obtain a TRS from G, we encode the states as terms. For each state s, we use
two fresh function symbols fi* and f2“t. The arguments of f" are the abstract va-
riables in G (which represent ground terms). The arguments of f2% are those ab-
stract variables which will be instantiated by ground terms after the successful eval-
uation of the query in s. To determine them, we again use groundness analysis.
Formally, the encoding of states is done by two functions ren and ren°“t. For B,
we obtain ren(B) = fi"(T}) (since G = {T4} in B) and ren®**(B) = fo%(T5, Ts, T¥,
T3) (since every successful evaluation of (app(T5, Ts, T4), app(T7, T3, T5)) where Ty
is instantiated by a ground term instantiates T5, T, T7, T5 by ground terms as well).

For an INST node (i.e., a node like ¢ which has an INST edge labeled by a match-
ing substitution p to another node D), we do not introduce fresh function symbols.
Instead, we take the terms resulting from its successor D, but we apply the match-

10 The application of inference rules to abstract states is not deterministic and, thus, we may
obtain a different derivation graph if we use a different heuristic for the application of the rules.
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ing substitution p to them. In other words, we have ren(c) = ren™(D)u =
5" (To) pp = f5" (T4) and ren®(c) = ren®" (D) p = f*"(T11, Ts) = f5*' (T5, T)-

Definition 4 (Encoding States as Terms)

For an abstract state s = (S;G), we define the functions ren™ and ren°“* by:
o ) ren™(Sucei(s)) p, if s € Inst(G) where p is associated to s

ren(s) = fim(Ggm(s)), otherwise, where G"*(S;G) =GN V(S)

out(

ren®“*(Succy(s)) p, if s € Inst(G) where p is associated to s

ren®t(s) = ¢ foU(Go"(s)), otherwise, where'! GoU((ty,...,t1);G)
= NextG((t1,...,tx),G NV(S))

Here, we extended NextG to work not only on atoms, but also on queries:
NextG((t1,...,t%),G) = NextG(t1,G) U NextG((t2,...,tr), G U NextG(t1,G) ).

So to compute NextG((t1,...,t;),G) for a query (t1,...,tx), in the beginning we
only know that the abstract variables in G represent ground terms. Then we com-
pute the variables NextG(t1,G) which are instantiated by ground terms after suc-
cessful evaluation of ¢;. Next, we compute the variables NextG(t2, GUNextG(t1,G))
which are instantiated by ground terms after successful evaluation of t5, etc.

Now we encode the paths of G as rewrite rules. However, we only consider certain
connection paths of G which suffice to approximate the complexity of the program.
Connection paths are non-empty paths that start in the root node of the graph or
in a successor state of an INST or SPLIT node, provided that these states are not
INST or SPLIT nodes themselves. So the start states in our example are A, D, and G.
Moreover, connection paths end in an INST, SPLIT, or SUC node or in the successor
of an INST node, while not traversing INST or SPLIT nodes or successors of INST
nodes in between. So in our example, the end states are B, ¢, D, E, F, G, H, but
apart from E, the paths may not traverse any of these end nodes.

Thus, we have connection paths from A to B, from D to E, from D to F, from D
to G, and from G to H. These paths cover all ways through the graph except for
INST edges (which are covered by the encoding of states to terms), for graph parts
without cycles or SUC nodes (which are irrelevant since they represent evaluations
which fail in constant time), and for SPLIT edges (which we consider later in Def. 7).

Definition 5 (Connection Path)
A path w = s1 ..., is a connection path of a derivation graph G iff k > 1 and

o 51 € {root(G)} U Suceq(Inst(G) U Split(G)) U Succa(Split(G))
o si € Inst(G) U Split(G) U Suc(G) U Sucey (Inst(G))

o foralll<j<k,s;¢ Inst(G)U Split(G)

o foralll <j<k,sj¢ Succi(Inst(G))

This consideration of paths is similar to our approaches for termination analysis
(Schneider-Kamp et al. 2010; Stroder et al. 2010), but now the paths are used to
generate a TRS instead of a logic program. Moreover, for complexity analysis we

I To ease readability, in the definition of G°% we restricted ourselves to states with only one goal.
See the appendix for a definition considering also states with sequences of goals.
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need a more sophisticated treatment of SPLIT nodes than for termination analysis.
The reason is that for termination, we only have to approximate the form of the
answer substitutions that are computed for the first successor of a SPLIT node. This
suffices to analyze termination of the evaluations starting in the second successor.
For complexity analysis, however, we also need to know how many answer substi-
tutions are computed for the first successor of a SPLIT node, since the evaluation
of the second successor is repeated for each such answer substitution.

To convert connection paths to rewrite rules, the idea is to consider a path as
a clause, where the first state of the path is the clause head, the last state of
the path is the clause body, and we apply all substitutions along the path to the
clause head. For instance, the connection path from A to B is considered as a clause
sublist(T3,Ty) : - app(T5, Ts, Ty ), app(T7, T3, T ), where the head of the clause results
from applying the substitution {7} /T3, T>/T4} to the query in state A.

Then we construct TRSs similar to the direct transformation from Sect. 3. So
if 7 is the connection path from A to B and if o, are the substitutions on its
edges, then the rewrite rules corresponding to 7 evaluate the instantiated input
term ren'™(A) o, for the start node A to its output term ren°“(A) o, provided
that the input term 7en™ (B) for the end node can be evaluated to its output term
ren®“*(B). Thus, we obtain the rules ren™(A) o — uy5( ren™™(B), V(ren™(A) o))
and u, 5(ren®“*(B), V(ren™(A) o)) — ren®“*(A) 0. In our example, this yields

(4a) v (Ts) = uan(f" (Tu), T)
(40) uas (5 (T5, To, Tr, T3), Ta) — f3*(T5)

However, connection paths 7’ like the one from D to E where the end node is a Suc
node, are considered like a clause app([], T12, T12) : -0, i.e., like a fact. Thus, here
the resulting rewrite rule directly evaluates the instantiated input term ren™ (D) o/
for the start node D to its output term ren°“ (D) o,/. Thus, we obtain

(5) V(Th2) = f7([], Th2)

The rewrite rules for the connection path from D to G encode that the SUC node
E contains another goal which is evaluated as well (when backtracking). So instead
of backtracking, in the TRS we have a non-deterministic choice to decide whether
to apply Rule (5) or the Rules (6a) and (6b) when evaluating a term built with f".

(6a) 2 (Ti2) = up e (f&*(Th2), Tha)
(6) up,(f&"(T11,Ts), Tia) — f2"(T11,Ts)

Definition 6 (Rules for Connection Paths)

For a connection path m = s1 ... sy, the substitution o, is obtained by composing all
substitutions on the edges of the path. So formally, we define o as follows (where o
is the associated substitution of the node si_1 and id is the identical substitution):

id, ifk=1
Osy.si, = \ Ospisp_1 0y 1l 8p_1 € E‘U(I,Z(G)”s;,C = Succy(Sk—1)
Osy..sn_1s  Otherwise

Moreover, we define the rewrite rules corresponding to w as follows. If s, €
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Suc(G), then ConnectionRules(r) = {ren™(s1) ox — ren®*(s1) or}. Otherwise,

ConnectionRules(m) = { ren™(s1)ox — ug s, (ren™(sg), V(ren™(s1) 0x)),
Usy.s, (Ten%%(s), V(ren™(s1)oz)) —  ren®(s1) oy },
where ug, s, is a fresh function symbol.

So in addition to the rules (4a), (4b), (5), (6a), (6b) above, we obtain the rules
(7a) and (7b) for the path from D to F, and (8a) and (8b) for the path from G to H.

(7a) S (To) — up e (£ (To), To)

(7b) upe (f&"(Th1, 1), To) — [ (Th1, Tk)

(8a) (T4, Tis)) = veu (£ (Ths), Tha, Tis)
(8b) Ueu(fS" (The, Tis), Tia, Ths) — fOU((Tha, The), Th3)

In addition to the rules for the connection paths, we also need rewrite rules to
simulate the evaluation of SPLIT nodes like B. Let § be the substitution associated
to B (i.e., d is a variable renaming used to represent the answer substitution of B’s
first successor €). Then the SPLIT node B succeeds (i.e., ren™(B) § can be evaluated
to ren®“(B) d) if both successors ¢ and D succeed (i.e., ren™(C)d can be evaluated
to ren®“t(c) & and ren™ (D) can be evaluated to ren°“!(D)). So we obtain

(90) (T2) = w47 (T2, T2)
(90) up,o(fS" (Ty, Tro), Ts) — uen(fi"(To), Tu, Ty, Tro)
(9¢) ue,n ([ (Th1, Ts), Ty, To, Tho) — f2*(Ty, Tio, Th1, T3)

Definition 7 (Rules for Split Nodes, Corresponding TRS of a Derivation Graph)
Let s € Split(G), s1 = Succy(s), and sa = Succa(s). Moreover, let & be the substi-
tution associated to s. Then SplitRules(s) =
{ren™(s)6 — uss; (ren™(s1)6, V(ren™(s)9)),
Us,s, (ren®(s1) 6, V(ren™(s)6)) — Usy,so( ren™ (s2), V(ren™ (s) 6) U V(ren®(s1)6)),
Usy 55 (Ten”(s2), V(ren™(s) §) U V(ren®*(s1)8)) — ren®(s)d }.
So the TRS R(G) corresponding to G consists of ConnectionRules(w) for all con-
nection paths m of G' and of SplitRules(s) for all SPLIT nodes s of G.

In our example, R(G) = {(4a), (4b), (5), (6a), (6b), (7a), (7b), (8a), (8b), (9a), (9b), (9¢)}.

5.2 Using TRSs for Complexity Analysis of Prolog Programs

By the approach of Sect. 5.1, we can now automatically generate a TRS from a
Prolog program. However, for complexity analysis, this TRS still has similar draw-
backs as the one obtained by the direct transformation of Sect. 3. The problem is
that the evaluation with the TRS still does not simulate the traversal of the whole
SLD tree by backtracking. So the innermost runtime complexity for the TRS R
with the rules (4a), (40), ..., (9a), (9b), (9¢) is only linear whereas the runtime
complexity of the original Prolog program is quadratic.

The problem is due to the SPLIT nodes of the derivation graph. If the first suc-
cessor of a SPLIT node (i.e., a node like C) has k answer substitutions, then the
evaluation of the second successor of the SPLIT node (i.e., the evaluation of D) is
repeated k times. Currently, this is not reflected in the TRS.
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To solve this problem, we now generate two separate TRSs R and R, for the
subgraphs starting in the two successors C and D of a SPLIT node like B, and multiply
their corresponding complexity functions ircg, g and ircg, . Here, ircg  r differs
from the ordinary innermost runtime complexity function ircg by only counting
those rewrite steps that are done with the sub-TRS R, C R.

So in general, for any R’ C R, the function ircgs g maps any n € IN to the maxi-

mal number of </ -steps that occur in any sequence of —>g-steps starting with a
basic term ¢ where |¢t| < n. Related notions of “relative” complexity for TRSs were
used in (Avanzini and Moser 2009; Hirokawa and Moser 2008; Noschinski et al.
2011; Zankl and Korp 2010), for example. Existing automated complexity provers
like AProVE can also approximate ircg/ g asymptotically.

The function ircr,. z indeed yields an upper bound for the number k of answer
substitutions for ¢, because the number of answer substitutions cannot be larger
than the number of evaluation steps. In our example, both the runtime and the
number of answer substitutions for the call app(7T5s, T4, T4) in node C is linear in the
size of Ty’s concretization. Thus, the call app(T11, T, To) in node D, which has linear
runtime itself, needs to be repeated a linear number of times. Thus, by multiplying
the linear runtime complexities of ircg, r and ircg, =, we obtain the correct result
that the runtime of the original Prolog program is (at most) quadratic.

Note that if the first successor C of a SPLIT node only had a constant number k
of answer substitutions (i.e., if k did not depend on the size of ¢’s arguments), then
instead of multiplying the runtimes of the two TRSs R and R for the successors
of the SPLIT node, it would be sufficient to add them. Since such an addition is
already encoded in the SplitRules of Def. 7, we do not need to consider separate
TRSs for the successors of such SPLIT nodes. We call a SPLIT node multiplicative
if the number of answer substitutions of its first successor is not bounded by a
constant and let mults(G) be the set of all multiplicative SPLIT nodes of G. So in
our example, mults(G) = {B}. We will present a sufficient syntactic criterion to
detect non-multiplicative SPLIT nodes in Def. 13.

So in order to infer an upper bound on the com- (?
plexity of a Prolog program, we use the multiplica-
tive SPLIT nodes of its derivation graph G to de- | MUPTIPLICATIVE SPRIT |
compose G into subgraphs, such that multiplica-
tive SPLIT nodes only occur as the leaves of sub- ”

graphs. For example, consider Fig. 8 where a deriva-

tion graph has been decomposed into the subgraphs | e s |
A,...,E (the subgraphs A and C include the re-

spective multiplicative SPLIT node as one of its @{ }B
leaves). We now determine the runtime complexi-

ties irCR(GA),R(G)v ceey Z"’"CR(GE)}R(G) separately and ~ Fig. 8. Decomposing Graphs

then we combine them in order to obtain an upper bound for the runtime of the
whole Prolog program. As discussed above, the runtime complexity functions re-
sulting from subgraphs of a multiplicative SPLIT node have to be multiplied. In
contrast, the runtimes of subgraphs above a multiplicative SPLIT node have to be
added. So for the graph in Fig. 8, we obtain ircg , (@) =r(q)(n) + ircg ;@)= (1) -
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(ircro(@),r(@) (M) + ircr (@) R(@) (M) - iTCR (@) R(G)(N)) as an approximation for
the complexity of the Prolog program.

To ensure that the derivation graph can indeed be decomposed into subgraphs as
desired, we have to ensure that no multiplicative SPLIT node can reach itself again.

Definition 9 (Decomposable Derivation Graphs)
A derivation graph G is called decomposable iff there is no non-empty path from a
node s € mults(G) to itself.

The graph in Fig. 3 is indeed decomposable. However, decomposability is a real
restriction and there are programs in the TPDB whose complexity we cannot ana-
lyze, because our graph construction yields a non-decomposable derivation graph.

Now for any node s, the subgraph at node s is the subgraph which starts in s and
stops when reaching multiplicative SPLIT nodes.

Definition 10 (Subgraphs of Derivation Graphs)

Let G be a decomposable derivation graph with nodes V and edges E (i.e., G =
(V,E)) and let s € V. Then we define the subgraph of G at node s as the minimal
graph G5 = (Vy, E,) where s € Vi and whenever s; € Vi\ mults(G) and (s1, s2) € E,
then so € Vi and (s1, s2) € F.

Now we decompose the derivation graph into the subgraph at the root node and
into the subgraphs at all successors of multiplicative SPLIT nodes. So the graph in
Fig. 3 is decomposed into G, G¢, and Gp, where G, contains the 4 nodes from A to
B and to €, G, contains all other nodes, and G, contains all nodes of G except C.

Here, R(G,) consists of ConnectionRules(w) for the connection path 7 from
A to B and of SplitRules(B), i.e., R(G4) = {(4a), (4d), (9a), (9), (9¢)}. For both
subgraphs G¢ and G, we get the same TRS, because C is an instance of D, i.e.,
R(Gc) = R(GD) = {(5)7 (6a), (6b)7 (7a), (7b)7 (8@), (Sb)}'

To obtain an upper bound for the complexity of the original logic program, we
now combine the complexities of the sub-TRSs as discussed before. So we multiply
the complexities resulting from subgraphs of multiplicative SPLIT nodes, and add
all other complexities. The function cplz (n) approximates the runtime of the logic
program which is represented by the subgraph of G at node s.

Definition 11 (Complexity for Subgraphs)
Let G = (V, E) be a decomposable derivation graph. For any s € V and n € IN, let

cpleuccl(s) (n) ’ CpleUCCZ(s) (n)7 if s € mUZtS(G)
eplzg(n) =4 )
CR (), R(G) (M) + B € muits(e)na, plry(n), otherwise
So in our example, we obtain:
eplz,(n) = ircga,)r@) (n) + cplry(n)
ireR(a),R(G) (M) + eplec(n) - eplr,(n)
= reR(a,),r(@) (N) + ircr (G0, R(G) (1) - TR (GY),R(G) (1)

Thm. C13 states that combining the complexities of the TRSs as in Def. 11
indeed yields an upper bound for the complexity of the original Prolog program.'?

12 All proofs can be found in the appendix.
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Theorem 12 (Complexity Analysis for Prolog Programs)
Let P be a Prolog program, p € 3, m a moding function, and G a decomposable
derivation graph for P and the queries QF,. Then prep ge (1) € O(cplt 0y (7))

For our example program, automated tools for complexity analysis of TRSs like
AProVE automatically prove that'® ircg () r(e)(n) € O(n), ircgc. re)(n) €
O(n), and ircg(a,)r(@)(n) € O(n). This implies cplr,(n) = ircr(a,)re)(n) +
WeR(Go),R(G) (1) - eR () R(G) (1) € O(n?) and, thus, also Prep, gawis (n) € O(n?).

It remains to explain how to automatically identify non-multiplicative SPLIT
nodes. To this end, we have to prove that the number of answer substitutions for the
first successor of a SPLIT node is bounded by a constant. In our implementation,
we use a sufficient criterion which can easily be checked automatically, cf. Def. 13
and Thm. 14. As future work, we could improve our analysis by combining it with
other tools for determinacy analysis (e.g., (Kriener and King 2011; Lépez-Garcia
et al. 2005; Mogensen 1996; Sahlin 1991)). These tools can prove upper bounds on
the number of answer substitutions for a given class of queries.

Definition 13 (Determinacy Criterion)
A node s in G satisfies the determinacy criterion if condition (a) or (b) holds:

(a) All successors of s satisfy the determinacy criterion. Moreover, if s € Suc(G),
then there is no non-empty path from s to a SUC node in G.
(b) The node s is a SPLIT node and at least one of Succy(s) or Succa(s) cannot
reach a SUC node in G.
The following theorem shows that the above determinacy criterion can indeed be
used to detect SPLIT nodes that are not multiplicative.

Theorem 14 (Soundness of Determinacy Criterion)
Let G be a complexity graph. Let s be a node in G which satisfies the determinacy
criterion of Def. 13. Then for any concretization of s, its evaluation results in at
most one answer substitution. Thus if s’ is a SPLIT node and Succ (s') satisfies the
determinacy criterion, then s’ is not multiplicative.

6 Experiments and Conclusion

We proposed a new method to determine asymptotic upper bounds for the runtime
complexity of Prolog programs automatically, based on a transformation to term
rewriting. First, we showed that the existing transformations from logic programs to
TRSs can yield a TRS whose runtime complexity is not an asymptotic upper bound
for the runtime complexity of the original logic program. Thus, we presented a novel
transformation where each asymptotic upper bound for the runtime complexity of
the resulting TRS is also an upper bound for the runtime complexity of the original
logic program. This transformation is also applicable to non-well-moded logic pro-
grams and programs using built-in predicates like cuts. For this transformation, we
also developed a new criterion for determinacy of Prolog programs, based on deriva-

13 Note that we even have irer(a,),r(@) (M) € O(1), i.e., the linear bound found by AProVE is not
tight. This indicates that our approach does not always yield precise bounds. However, most
bounds detected in our experiments are in fact tight.



Automated Complexity Analysis for Prolog by Term Rewriting 15
AProVE CASLOG CiaoPP steps_ub CiaoPP res_steps

(1) 54 1 3 3
O(n) 108 21 19 18
O(n?) 42 4 4 4
O(n-2m) 0 3 3 3
Total bounds 204 29 29 28
Runtime in s 6122 7042 5579 5953

Table 1. Results on all 477 programs from the Termination Problem Data Base

tion graphs. We implemented the transformation in our fully automated termination
and complexity prover AProVE (Giesl et al. 2006). To compare its power and per-
formance to existing direct approaches for cost analysis of Prolog, we evaluated it
against the Complexity Analysis System for LOGic (CASLOG) (Debray and Lin 1993)
and against the Ciao Preprocessor (CiaoPP) (Bueno et al. 2004), which implements
the approach of (Lépez-Garcia et al. 2010). To this end, we ran the three tools on all
477 Prolog programs from the Termination Problem Data Base. For CiaoPP we used
both the original cost analysis (“steps_ub”) and CiaoPP’s new resource framework
which allows to measure different forms of costs. Here, we chose the cost measure
“res_steps” which approximates the number of resolution steps needed in evalua-
tions. Moreover, we also used CiaoPP to infer the mode and measure information
required by CASLOG. The experiments were run on 2.2 GHz Quad-Opteron 848
Linux machines with a timeout of 60 seconds per program (as in the competition
on automated complexity analysis).

Table 1 shows the results of our experiments with one column for each tool.
The first four rows give the number of programs that could be shown to have a
constant bound (O(1)), a linear or quadratic polynomial bound (O(n) or O(n?)),
or an exponential bound (O(n - 2™)). In Rows 5 and 6 we give the total number
of upper bounds that could be found by the tool and its total runtime on the
whole example set, respectively. We highlight the best tool for each row using
bold font. For the details of this empirical evaluation and to run AProVE via
a web interface, we refer to http://aprove.informatik.rwth-aachen.de/eval/
plcost/.This website also contains an extended version of the paper with all proofs
the appendix.

The table shows that AProVE can find upper bounds for a much larger subset
(> 42%) of the programs than any of the other tools (=~ 6%). However, there are
also 9 examples where CASLOG or CiaoPP can prove constant (1), linear (5), or
exponential bounds (3), whereas AProVE fails (5) or finds a weaker bound (4). In
summary, the experiments clearly demonstrate that our transformational approach
for determining upper bounds advances the state of the art in automated complexity
analysis of logic programs significantly.

Acknowledgements. We thank M. Hermenegildo and P. Lépez-Garcia for their dedi-
cated support. Without it, the experimental comparison with CASLOG and CiaoPP would
not have been possible. We also thank N.-W. Lin for agreeing to make the updated version

of CASLOG (running under Sicstus 4 or Ciao) available on our paper’s web page.
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In Appendix A, we first recapitulate the set of inference rules and the construction
of derivation graphs for Prolog using built-in predicates.!* Then we extend the
definitions from the paper to consider this more general setting in Appendix B.
Afterwards, we prove the correctness of our transformation in Appendix C and the
correctness of our determinacy criterion in Appendix D.

Appendix A Full Graph Construction

This section recapitulates all existing work on derivation graphs as used in this pa-
per. The contents of this section are taken from (Schneider-Kamp 2008; Schneider-
Kamp et al. 2010; Stroder 2010; Stroder et al. 2010; Stroder et al. 2011).

The ISO standard for Prolog (ISO/IEC 13211-1 1995) defines a list of built-in
predicates. According to this standard we define the set BuiltInPredicates as the
set containing exactly the following symbols:

abolish/1 compound/1 integer/1

arg/3 /2 is/2

==/2 copy_term/2 nl/0

=\=/2 current_char_conversion/2 e nl/1

>/2 current_input/1 nonvar/1

>=/2 current_op/3 \+/1

</2 current_output/1 number/1
=</2 current_predicate/1 number_chars/2
asserta/1 current_prolog_flag/2 number_codes/2
assertz/1 1/0 once/1
at_end_of_stream /0 i/2 op/3
at_end_of_stream/1 fail /0 open/3

atom/1 findall /3 open/4
atom_chars/2 float/1 peek_byte/1

atom_codes/2
atom_concat/3

flush_output/0
flush_output/1

peek_byte/2
peek_char/1

atom_length /2 functor/3 peek_char/2
atomic/1 get_byte/1 peek_code/1
bagof/3 get_byte/2 peek_code/?2
call/1 get_char/1 put_byte/1
catch/3 get_char/2 put_byte/2
char_code/2 get_code/1 put_char/1
char_conversion /2 get_code/2 put_char/2
clause/?2 halt/0 put_code/1
close/1 halt/1 put_code/?2
close/2 ->/2 read/1

14 While the operational semantics in (Stroder et al. 2011) covers all built-in predicates from
(ISO/IEC 13211-1 1995), only 26 of these built-in predicates are currently supported by the
inference rules on abstract states.
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e read/2 e sub_atom/5 e unify_with_occurs_check/2
e read_term/2 o 0>/2 o =./2

e read_term/3 o 0>=/2 e var/l

e repeat/0 e ==/2 e write/1

e retract/1 o 0</2 e write/2

e set_input/1 o 0=</2 e write_canonical/1
e set_output/1 o \==/2 e write_canonical/2
e set_prolog_flag/2 e throw/1 e write_term /2

e set_stream_position/2 o true/0 e write_term/3

e setof/3 o \=/2 e writeq/1

e stream_property/2 o =/2 e writeq/2

According to the execution model of Prolog as defined in (ISO/IEC 13211-1
1995), there are some special positions inside the terms of clause bodies or goals
which may be executed. When referring to such a term, these positions are exactly
those reachable from the root of the term by a path having only function symbols
from the set GoalJunctors = {,/2, ;/2, ->/2} except for the position itself. For the
clause body or goal, these positions are all such positions in the terms belonging to
the clause body or goal, respectively.

Definition A 1 (Predication Position, Predication)

Given a term ¢ € T(X,V) and a position pos € Oce(t), we call pos a predica-
tion position w.r.t. t iff for all positions pos’ € Occ(t) with pos’ <1 pos we have
100t (t| pos’ ) € GoalJunctors. Furthermore, we call t|,0s a predication w.r.t. t. For a
finite list L of terms 1, ..., t; we also call every predication position pos; € Occ(t;)
w.r.t. t; a predication position w.r.t. L and t;],.s, a predication w.r.t. L.

Although we do not distinguish between predicate and function symbols, we do
make a distinction between individual cuts to make their scope explicit. However,
this distinction is only necessary and correct if the cuts in question are predica-
tions w.r.t. the goal to execute. Concerning comparison or unification of terms,
we must not make such a distinction. So we define a set of labeled cut operators
Cuts = U, ,en{!m/0} which we will use in the following definitions of goals and
their transformation used in the ISO standard. Thus, we have to deal with terms
not only containing function symbols from a signature X, but also from Cuts. How-
ever, the latter may only occur in predication positions. For this reason we define
special sets of terms we use in Prolog.

Definition A 2 (Terms in Prolog)

The terms we consider in Prolog are from the set PrologTerms(X,V) = {t € T(XU
Cuts,V) | Vpos € Occe(t) : t|pos € Cuts = pos is a predication position}. The
definition of predication positions and predications is therefore extended to work
also on terms from PrologTerms(%,V). Analogously, we define the set of ground
terms for Prolog as GroundTerms(X) = {t € T(X U Cuts, @) | Vpos € Occ(t) :
t|pos € Cuts = pos is a predication position}.

A query or goal is a sequence of terms, and the set of all queries is denoted by
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Goal(2,V). The empty query is denoted by O, and a non-empty query consisting
of a Prolog-term ¢ and a remaining query @ is denoted by (¢, Q).

The set of all substitutions over ¥ and V is denoted Subst(X, V). If two terms ¢,
and t5 unify, but we are not interested in a specific unifier, we often write t; ~ to.
Likewise, we sometimes write 1 = to as a synonym for mgu(ty,t2) = fail.

In many situations we will consider substitutions which are equal on a certain
set of variables, while they do not replace any other variables. We call such substi-
tutions restricted to a certain set. The restriction of o to a set of variables V' C V
(denoted |y ) is therefore defined as o]y (X) = o(X), if X € V', and o)+ (X) = X,
otherwise. Finally, we often need variables which do not occur anywhere else. We
call such variables fresh variables and denote by Vgesn, C V the subset of fresh
variables. Analogously, we denote the subset of fresh abstract and non-abstract
variables by Afesn, and Nyesh,, respectively.

Abstract variables represent arbitrary terms in general, but to describe classes
of queries typically specified by a function symbol and argument positions which
should be instantiated by ground terms, we need to constrain the terms by which
the abstract variables may be instantiated. Additionally, we want to keep track
of non-abstract variables which do not occur in the terms represented by ab-
stract variables. Finally, due to failing unifications during the evaluation, we gather
knowledge about non-unifiable terms. Therefore, we add a knowledge base repre-
sentable by a triple KB = (G, F,U) to a list of goals containing abstract terms
and without candidates for answer substitutions where G C A, F C N, and
U C PrologTerms (3, V) x PrologTerms(3,V). Here, G is the set of all abstract vari-
ables whose instantiations are restricted to ground terms, while F contains those
non-abstract variables which may not occur in the terms represented by abstract
variables. Moreover, U represents a set of pairs of terms, where a pair of terms (s, t)
represents that s and ¢ are not unifiable after instantiating the abstract variables,
i.e., that we have mgu(sy,ty) = fail for a given instantiation v of the abstract
variables. The set of abstract states AState(X, N, A) is a set of pairs (S; KB) of a
list of goals S without candidates for answer substitutions (i.e., the candidates for
answer substitutions are dropped from the concrete goals) and a knowledge base
KB.

To define which concrete states are represented by an abstract state, we introduce
the notion of a concretization. A concretization is a substitution ~ replacing all
and only abstract variables in an abstract state while respecting the knowledge
base (G, F,U).1> So for an abstract state S; KB with S = Gy | -+ | G,,, we have
Sy =Gy |-+ | Gpy. For a goal G with G = ty1,...,t;, we have Gy = (t17, ..., 1Y)
For a goal G with G = (ty,...,t;)%, we have Gy = (t17,...,tx)¢, and for a goal
G =7,,, we have Gy = G. Moreover, we have 7|4 = v and |J, 4 A(ay) = @. Also,

15 Still, we omit the explicit representation of answer substitutions and candidates for them from
the full operational semantics in (Stroder et al. 2011) since they do not contribute to the
complexity.
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abstract variables from G are only replaced by ground terms, i.e., Range(v|g) C
GroundTerms(X). Likewise, v may not introduce variables from F. This can be
specified by F(Range(y)) = @. Finally, for all pairs (¢,t') € U we need to ensure
that ¢ty and 'y do not unify, i.e., that mgu(ty,t'v) = fail. For an abstract state
(S; (G, F,U)), we define the set of concretized states CON(S; (G, F,U)) as the set
{S7 | 7y is a concretization w.r.t. the knowledge base (G, F,U)}.

The ISO standard (ISO/IEC 13211-1 1995) describes a preprocessing transfor-
mation for queries and goals which we mimic by the following function.

Definition A 3 ( Transformation of Goals)
The function Transformed : Goal(X,V) x N — Goal(%, V) is recursively defined by

Transformed (O, m) = 0O

Transformed((x, L), m) = call(z), Transformed(L, m) for x € V

Transformed((!, L), m) = L, Transformed (L, m)

Transformed((!,,r, L), m) = Ly, Transformed (L, m)

Transformed((f(t1,t2), L),m) = f(Transformed(t;, m), Transformed(tz, m)),
Transformed (L, m) for f € GoalJunctors

Transformed((s, L), m) = s, Transformed(L, m) for

s € PrologTerms(X,V) \ V with
root(s) ¢ GoalJunctors U {!/0} U Cuts

Sometimes we have to replace some abstract variables by fresh ones to handle
sharing effects correctly. To this end, we use the following substitution.

Definition A 4 (Replacement by Fresh Abstract Variables)
We define ap for a set of variables M as follows:

{a if £ € M\ Vipes, for a € Aprean

aApM\T) =
@) T otherwise

Now we state all abstract inference rules which have been developed in (Schneider-
Kamp 2008; Schneider-Kamp et al. 2010; Stroder 2010; Stroder et al. 2010).



22 Stréder et al.

Definition A 5 (Abstract Inference Rules)

O|S; KB ?m | S; KB
——F (Suo) —————— (FAILURE)
S; KB S; KB
call(z),Q | S; KB
%B (VARIABLEERROR)
&;
t,Q|S;KB
kg (UNDEFINEDERROR)  where Slicep(t) = @
b, Q1S |7 | S, KB (Cut where S b, @ | S; KB (CUTALL) where S
QI sk VI g e (AN conjins
‘ t’Q|S;KB (CASE) where m € IN is fresh, i1 < ... < i,
Q% |- | (6,Q) [Tm | S; KB and Slicep(t) = {ciy, -, ci, } # 2

call(t'),Q | S; KB
., Q| | S KB

(CaLL)

where m € IN is fresh, ¢’ € PrologTerms(2,V) \ V, t’ has only finitely many predi-
cation positions, Vpos € Occ(t') : pos is a predication position = t/[,,s ¢ A and
t" = Transformed(t',m)
(t,Q)m | 8:(G, F.U)
S (G, F.U)
where i # b, ¢; = H; := B; and either mgu(t, H;) = fail or 0 = mgu(t, H;) with
da € G : ao ¢ PrologTerms(X,V) or V(Range(o)) € Viresn, V(Range(o|g)) C A
and 3(s,s') €U : 0/ = mgu(solg,s'o|lg) N Dom(c’) CN ANo'a’ = o’
(1, Q)i | S (G, F.U)

Blo', Qo' | Solg; (G, F,Uc|g) S; (G, FUN(H;),UU{(t,H;)})
where ¢ # b, ¢; = H;:-B;, mgu(t,H;) = o with V(Range(c)) < Viesh,
V(Range(a|4)) € A, Range(c|g) € PrologTerms(X, A), 0|4 is not a variable re-
naming on A, A(Range(o|nx)) C A(Range(o|a)), V(s,s') € U : Yo' : (solgo” =
s'olgo” = Dom(c") Z N), G = GUA(Range(c|g)), F' = FUN (Range(c|x))\
N (Range(o|a(run,))))) U N (Bi) \ N(H;)), o' = Approz(o,t,c;, G, F), and
B! = Transformed(B;, m)

(t, Q) | 86, F.U)
Bio',Qo" | Solg; (G', F',Uolg)

(BACKTRACK)

(EvAL)

(ONLYEvVAL)

where i # b, ¢; = H; : = B;, mgu(t, H;) = o with V(Range(c)) C Viresh, 0|4 is a vari-
able renaming on A, A(Range(c|x)) C A(Range(o|a)), G’ = G U A(Range(ol|g)),
F' = F U (N(Range(o|)) \ N (Range(o| s\ (Funm,))))) U (N (Bi) \ N (H,)), o' =
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Approx(o,t,c;, G, F), and B = Transformed(B;, m)

S:(G,F,U)

27 (Ins)
S5(G,FL U

if there is a p such that S = S”u for a scope variant S” of S, for all a € G, au €
PrologTerms (X, G), uln is a variable renaming, 7' C F, F' u(Range(ula)) = 2,
and U'p CU.

S|S KB
S:KB S:.KB

(PARALLEL) if AC(S)NAM(S') =@

Here, the active cuts AC(S) of a state S are defined as the set of all m such that
S=2581Q!mQ |5 orS=S5"[(t,Q)],|S" and ¢; = H; :- B;,!, B, while the
active marks AM(S) of a state S are defined as all m such that S = S |7, | §”
and S’ #¢e # 5",

t',Q: (G, F,U)
t'5 (G, F.U) Qb (G, F,Ub)

(SpLIT)

where t' #l,, for some m € IN, ¢ # «call(x) for some =z € V, root(t') €
BuiltInPredicates v Slicep(t') # @, 6 = ApprozSub(t’,G,F), G =
G U ApproxGnd(t',0), and F' = F\ F(t').

Here, ApprozSub approximates the substitutions of the answer sets of all con-
cretizations w.r.t. (G, F,U) of '

QF (i) if V(t/) CGUF
ApprozSub(t', G, F) = QN (1) OLA\G it AW CGAN{) L F
aF@aangaan\F Otherwise
Finally, ApproxGnd approximates the abstract variables that have to be instanti-
ated by ground terms using a given groundness analysis Groundp : ¥ x 2N — 2N
which given a predicate p and a set of ground argument positions computes the

set of ground arguments positions after a successful computation using the clauses
from P:

ApproxGnd(t',§) =
{At:0) [ t' = p(tr, ... tn),i € Groundgyce,n ) (p, {i | V(t:) € G})}
Approx replaces some variables by fresh abstract variables:

o if A(t) CGand N(t) CF
Approz(o,t,H; :- B;, G, F) = § caxg if A(t) CG and N(t) € F
caanghunrF) iAW) ZG
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a(t17t2)7Q | SvKB
t17t27Q | S7KB

(CONJUNCTION)

i(t1,t2),Q | S; KB
tl,Q | t27Q | SaKB

(DISJUNCTION)  where root(ty) # ->/2 and t; ¢ A

fail,Q | S; KB halt,@ | S; KB halt(t'),Q | S; KB
——————— (Fam) ———————— (Harr) (HaLT1)
S; KB e; KB e, KB

->(t1,t2),Q | S; KB
call(t1), by t2, @ | 7m | S; KB

(IFTHEN)  for a fresh m € IN

;(_>(t17t2)7t3)7Q | SaKB
Ca”(tl)7!m7t27Q | t37Q |7m | Sa KB

(IFTHENELSE)  for a fresh m € IN

\+(t'),Q | S; KB
call(t'), L, fail | Q | 7 | S; KB

(NoT)  for a fresh m € IN

once(t'),Q | S; KB repeat,Q | S; KB
(ONCE) (REPEAT)
call(,(t',1),Q | S; KB Q | repeat, @ | S; KB

throw(t'),Q | S; KB true,@Q | S; KB
(THROW) —————— (TruE)
e; KB Q|S;KB

::(t17t1)7Q | S;KB
Q|S;KB

(EQUALSSUCCESS)

==(t1,12),Q | S; KB (EQUALSFAIL) where t; » ty or Vo with t10 = too we
S: KB have Dom(o) NN # &

::(tlth)vQ | S; (Q,}",U)
Qo,| So; (G, F,U) S (G, F,U)

where t1 # to, G’ = G U A(Range(o|g)), U = Uo and mgu(ti,t2) = o with
Dom(co) C A and V(Range(o)) C Apresh,

(EQUALSCASE)

\==(t1,12),Q | S; KB where t; ~ {5 or Vo
(UNEQUALSSUCCESS)  with tj0 = ty0 we have
Q|S;KB Dom(c) NN # @

\==(t1,t1),Q | S; KB
S; KB

(UNEQUALSFAIL)

::(tlth)vQ | S; (gafvu)
Q.| S;(G, F.u)  Soy (¢, F.U)

(UNEQUALSCASE)



Automated Complexity Analysis for Prolog by Term Rewriting 25

where ¢, # ta, G’ = G U A(Range(olg)), U = Uo and mgu(t;,tz) = o with
Dom(co) € A and V(Range(o)) C Apresh,

=(t1,t2),Q | S;(G,F,U)

; — (UNIFYSUCCESS)
Qo' | Solg; (9", F',Uolg)
where mgu(ti,t2) = o with V(Range(o)) C Viesn, Range(o|la) C A,
ola : Dom(o|a) — Range(o|a) is bijective, A(Range(c|n)) € A(Range(o|a)),

A
¢’ = G U A(Range(olg)), F' = F U (N (Range(o|x)) \ N(Range(o|x5))) and
o' = ApprozUnify(o,ti,t2,G, F)

:(t17t2),Q | S, (g;f7u)

S;(G, F,UU{(t1,t2)})

(UNIFYFAIL)

where t; = ty or 0 = mgu(ti,t2) with 3a € G : aoc ¢ PrologTerms(X,V) or
V(Range(o)) € Viresh, V(Range(olg)) € Aand 3(s,s") e U : 0/ = mgu(solg,s'o|g)
A Dom(c") C F

:(tlatZ)vQ | S’ (gafJ/{)
QOJ ‘ SO“g;(g/7f/7u0'|g> S’ (ga]-—J/IU {(t17t2)}>

(UNIFYCASE)

where mgu(ty, t2) = o with V(Range(c)) C Viresn, V(Range(o|4)) € A, Range(o|g)
C PrologTerms(X,A), (Range(ola) € AV o|la : Dom(c|a) — Range(o|a) is
not bijective), A(Range(o|nx)) C A(Range(o|a)), Y(s,s') € U : Yo' : (solga” =
s'a|lge” = Dom(c") L F), G = GUA(Range(clg)), F' = FUN (Range(co|x))\
N (Range(o|anr))) and o' = ApproxUnify(o,ti,t2,G, F)

\:(tlth)vQ | S; (g,f,U)
Q1S (G, F,UU{(t1,12)})

(NOUNIFYSUCCESS)

where t; = to or 0 = mgu(ti,t2) with 3a € G : aoc ¢ PrologTerms(X,V) or
V(Range(o)) € Viresh, V(Range(olg)) € A and 3(s,s") e U : o' = mgu(solg,s'o|g)
A Dom(c") C F

\:(tlatQ)aQ ‘ S? (g,}",Z/{)
Solg; (G, F,Uolg)

(NOUNIFYFAIL)

where mgu(ti,t2) = o with V(Range(c)) € Viesn, Range(o|la) < A,
ola : Dom(ola) — Range(o|s) is bijective, G = G U A(Range(o|g)) and
A(Range(o|)) € A(Range(s].1))

\:(tlth)aQ | S; (gafvu) (

QS (G, F.UU{(t1,t2)})  Solgi (', F,Uolg)
where mgu(ty,t2) = o with V(Range(c)) C Viresn, V(Range(o|4)) € A, Range(o|g)
C PrologTerms(3, A), (Range(ola) € AV o|a : Dom(c|4) — Range(o|4) is not

bijective), A(Range(o|xr)) C A(Range(a|a)), G’ = GUA(Range(o|g)) and V(s,s') €
U : Vo' : (solgo” = s'o|go” = Dom(c") L F)

NOUNIFYCASE)
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ApproxUnify replaces some variables by fresh abstract variables:

o if A(t))UA(ty) € G
and N(t1) UN(t2) C F

ApprozUnify(o,t1,t2,G,F) = { caag if A(t))UA(ty) CG
and N (t1) UN (t2) € F

oagyumnrF) iFAl) UA(t) €6

atomic(c),Q | S; KB
Q| S;KB

(ATOMICSUCCESS)  where c is a constant

atomic(t'),Q | S; KB
S; KB

(AromicFaL) where ¢’ is no constant and no
abstract variable

atomic(a), @ | S; (G, F,U)
Q|S;(Gu{al, F.U) S5 (G, F,U)

(ATOMICCASE)  where g € A

compound(f(t1,...,t;)),Q | S; KB thrf J;/k €
(CompouNDSUCCESs) A1 Ti
Q|S;KB PrologTerms(X,V)

foralli € {1,...,k}

compound(t'),Q | S; KB
S; KB

(COMPOUNDFAIL)  vwhere #' is a constant or # € N/

compound(a), @ | S; KB
Q|S;KB  S;KB

(CoMPOUNDCASE)  where g € A

nonvar(t'),Q | S; (G, F,U)

(NONVARSUCCESS)  where ' ¢ V' \ G

nonvar(x), @ | S; KB
S; KB

(NONVARFAIL)

nonvar(a),Q | S; (G, F,U)
Q|S;(G,F.U)y  S;(G,F.U)

(NONVARCASE)  where a € A\ G

var(z),Q | S; KB
Q| S;KB

(VARSUCCESS)

var(t'),Q | S; (G, F,.U)

(VARFAIL)  where t' ¢ V\ G
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flush_output, @ | S; KB nl,@ | S; KB

(FLUSHOUTPUT) ————————— (NEWLINE)
Q|S;KB Q|S;KB
rite(t’), ; write_canonical(t’), ;
write(t’ S; KB i ical(t/ S; KB
(WRITE) (WRITECANONICAL)
Q| S:KB Q| S;KB

writeq(t'),Q | S; KB
Q1|S;KB

(WRITEQ)

For a graph G and an abstract inference rule RULE, we use the notation Rule(G)
to denote all nodes of G to which RULE has been applied. We denote by Succ(i,n)
the -th child of n and by Succ(i, Rule(G)) the set of i-th children of nodes from
Rule(G).

For identifying different states where the only difference lies in a scope renaming,
we introduce the notion of a scope variant.

Definition A 6 (Scope Variant (Stroder 2010))
Given a concrete (abstract) state S, we call a concrete (abstract) state S’ a scope
variant of S, iff there is a bijection f : IN — IN, both states have the same length
and the following conditions are satisfied for all i € {1,...,length(S)} and elements
e; of S at position i and e} of S” at position i:

e If ¢; is an unlabeled list of terms ¢, then e} is an unlabeled list of terms ¢’ with
o If ¢; is a labeled list of terms ¢f, then ¢; is a labeled list of terms 7, with
o If e; =7, then €] =75y).

Lemma A 7 (Equivalent Evaluations for Concrete Scope Variants (Stréder 2010))

Given a concrete state S and a scope variant S’ of S, all evaluations possible for S
are also possible for S”.

Proof

To show Lemma A 7 it is sufficient to show that for all concrete rules the applica-
bility of a rule for S implies the applicability for S’ and after application of the
rule the resulting states are still scope variants of each other. We perform a case
analysis over the applicability of the concrete inference rules for S.

e SUCCESS is applicable:

Then we have S = | S”. Since S’ is a scope variant of S, we also have §' =0 | S"”
and SUCCESS is applicable for S’, too. After application of SUCCESS we obtain the
states S” and S, which are scope variants of each other as O | S” and O | S are
scope variants.

e FAILURE is applicable:

Then we have S =7 | §” and as S’ is a scope variant of S, we also have S’ =
?¢(s) | 8"". Thus, FAILURE is applicable for S’, too. After application of FAILURE
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we obtain the states S and S”’, which are scope variants of each other as 7, | S”
and 7y, | 8" are scope variants.

e VARIABLEERROR is applicable:

Then we have S = call(z),Q | S” and as S’ is a scope variant of S, we also
have S’ = call(x), Q" | S”’. Thus, VARIABLEERROR is applicable for S’, too. After
application of VARIABLEERROR we obtain the states € and e, which clearly are
scope variants of each other.

e UNDEFINEDERROR is applicable:

Then we have S = ¢,Q | S” where Slicep(t) = & and as S’ is a scope variant of
S, we also have S" = ¢/, Q" | S"” with Slicep(t') = &. Thus, UNDEFINEDERROR is
applicable for S’, too. After application of VARIABLEERROR we obtain the states
¢ and ¢, which clearly are scope variants of each other.

e CuUT is applicable:

Then we have S =l,,Q | S” |75 | S with S” contains no 7; and as S’ is a scope
variant of S, we also have S" =lr.y,Q" | 8" 74 | S"" with S contains no
?¢(s)- Thus, CUT is applicable for S’, too. After application of CUT we obtain the
states @ |75 | 8" and Q" |75y | S”", which are scope variants of each other as
L, QS" |75 ] 8" and f(5), Q" | 8" [74(s) | S are scope variants.

e CUTALL is applicable:

Then we have S =!;,Q | S” with S” contains no 7, and as S’ is a scope variant
of S, we also have S" =y, Q" | " with S"" contains no 7. Thus, CUTALL
is applicable for S’, too. After application of CUTALL we obtain the states ) and
@', which are scope variants of each other as I, Q | S and !y, Q" | S are scope
variants.

e CASE is applicable:

Then we have S =¢,Q | S” and as S’ is a scope variant of S, we also have S =
t',Q" | S". Thus, CASE is applicable for S/, too. After application of CASE we obtain

the states (£, Q)11 | ... | (£, Q)% |70 | S and (¢, Q)2 | ... | (¢, Q") |7n | S,
where m and n are fresh, iy < ... <1y, @) < ... <iL, Slicep(t) = {ciy,..., ¢, } and
Slicep(t') = {ci, - - -, CiL/}' As S and S’ are scope variants, ¢t and ¢’ have the same

root symbol and, thus, we have Slicep (t) = Slicep(t'). W.l.o.g. we can also demand

f(m) = n as both m and n are fresh. Hence, the second state is (¢, Q’)j}(m) ...

(tQQ’)?’(m) | ?¢(my | S", which is a scope variant of (£, Q)% | ... | (t,Q)ik | ?7m | S”
ast,Q | S” and /,Q’ | 8" are scope variants.

e EVAL is applicable:

Then we have S = (t,Q)¢, | S” with ¢; = H; :- B; and mgu(t, H;) = o and as S’
is a scope variant of S, we also have S’ = (t’,Q’);(m) | S with mgu(t', H;) = o’.
Thus, EVAL is applicable for S’, too. After application of EVAL we obtain the
states Bjo,Qo | S” and Bl'o’,Q'c’ | S, where B, = Transformed(B;,m) and
B! = Transformed(B;, f(m)). As S and S’ are scope variants, we have for all
terms r € Range(o) and 7" € Range(o’) that ' = r[!;/!;;Vj € IN] and Dom(co) =
Dom(c"). Hence, Bio,Qo | S” and B/'c’,Q'c’ | " are scope variants of each other
as (t,Q), | 8" and (t',Q’);}(m) | S are scope variants.

e BACKTRACK is applicable:

Then we have S = (¢,Q)¢, | S” where ¢; = H; :- B; and t = H;. As S’ is a scope
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variant of S, we also have S’ = (¢, Q’)jp(m) | S” where t' = H;. Thus, BACKTRACK
is applicable for S’, too. After application of BACKTRACK we obtain the states S”
and S, which are scope variants of each other as (¢, Q)j, | " and (', Q")) | 5"
are scope variants.

e CALL is applicable:

Then we have S = call(t’),Q | S” where ¢ € PrologTerms(3,V)\ V and ¢ has
only finitely many predication positions. As S’ is a scope variant of S, we also
have S’ = call(t”),Q" | S where t” € PrologTerms(3,V) \ V and t” has only
finitely many predication positions. Thus, CALL is applicable for S’, too. After
application of CALL we obtain the states ¢/, Q |?,, | S” and t",Q" |7, | S”
where ¢ = Transformed(t',m) and """ = Transformed(t”,m’). As m and m/
are fresh, we can demand m’ = f(m). Since the transformation by the function
Transformed uses the same scope for all cuts in predication positions, the reached
states are scope variants of each other as call(t'),Q | S” and call(t”),Q’ | S" are
scope variants.

e ATOMICFAIL is applicable:

Then we have S = atomic(t’), Q | S” with ¢’ not being a constant and as S’ is a scope
variant of S, we also have S’ = atomic(t”),Q’ | S” with ¢ not being a constant.
Thus, ATOMICFAIL is applicable for S, too. After application of ATOMICFAIL we
obtain the states S and S”” which are scope variants of each other as atomic(t’), @ |
S’ and atomic(t”), Q' | " are scope variants.

e ATOMICSUCCESS is applicable:

Then we have S = atomic(c), @ | S” with ¢ being a constant and as S’ is a scope
variant of S, we also have S’ = atomic(c),@" | S”. Thus, ATOMICSUCCESS is
applicable for S’, too. After application of ATOMICSUCCESS we obtain the states
Q| S" and Q' | " which are scope variants of each other as atomic(c), @ | S” and
atomic(c), Q' | 8" are scope variants.

e COMPOUNDFAIL is applicable:

Then we have S = compound(t'), @ | S” with ¢’ being a constant or a variable and
as S’ is a scope variant of S, we also have S’ = compound(t'), Q' | S”’. Thus, Com-
POUNDFAIL is applicable for S’, too. After application of COMPOUNDFAIL we obtain
the states S” and S”’ which are scope variants of each other as compound(t'), @ | S”
and compound(t'), Q' | " are scope variants.

e COMPOUNDSUCCESS is applicable:

Then we have S = compound(t'), @ | S” with ¢’ not being a constant or variable
and as S’ is a scope variant of S, we also have S’ = compound(t”),Q’ | S with
t"” not being a constant or variable. Thus, COMPOUNDSUCCESS is applicable for
S’, too. After application of COMPOUNDSUCCESS we obtain the states @ | S”
and Q' | S” which are scope variants of each other as compound(t'),Q | S” and
compound(t”), Q' | S are scope variants.

e CONJUNCTION is applicable:

Then we have S = ,(t1,2),Q | S” and as S’ is a scope variant of S, we also
have S’ = ,(#,t5),Q" | S”. Thus, CONJUNCTION is applicable for S’, too. After
application of CONJUNCTION we obtain the states t1,t2,Q | S” and ¢},t5,Q" | 8"
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which are scope variants of each other as ,(¢1,t2),Q | S” and ,(t},t5),Q" | S"" are
scope variants.

e DISJUNCTION is applicable:

Then we have S = ;(t1,t2),Q | S” where root(t1) # ->/2 and as S’ is a scope
variant of S, we also have S’ = ;(¢],t5),Q" | S where root(t}) # ->/2. Thus,
DISJUNCTION is applicable for S’, too. After application of DISJUNCTION we obtain
the states t1,Q | t2,Q | S” and t},Q" | t5, Q' | S"" which are scope variants of each
other as ;(t1,t2),Q | S and ;(t},t5), Q" | S are scope variants.

e EQUALSFAIL is applicable:

Then we have S = ==(t1,t2),Q | S” with ¢t; # t5 and as S’ is a scope variant of S,
we also have §" = ==(t,t}), Q" | S with ¢} # t,. Thus, EQUALSFAIL is applicable
for S’, too. After application of EQUALSFAIL we obtain the states S” and S which
are scope variants of each other as ==(t1,t3),Q | S” and ==(¢],t,),Q" | S"" are
scope variants.

e EQUALSSUCCESS is applicable:

Then we have S = ==(t1,t1),Q | S” and as S’ is a scope variant of .S, we also have
S = ==(t,t}),Q" | S”. Thus, EQUALSSUCCESS is applicable for S’, too. After
application of EQUALSSUCCESS we obtain the states Q | S” and Q' | S” which are
scope variants of each other as ==(t1,¢1),Q | S” and ==(t{,t}),Q’ | " are scope
variants.

e FAIL is applicable:

Then we have S = fail,@ | S” and as S’ is a scope variant of S, we also have
S’ = fail, Q" | 8”". Thus, FAIL is applicable for S’, too. After application of FAIL we
obtain the states S” and S which are scope variants of each other as fail, Q | S”
and fail, Q" | S”" are scope variants.

e FLusHOuUTPUT is applicable:

Then we have S = flush_output, @ | S” and as S’ is a scope variant of S, we also
have S’ = flush_output, @’ | S””. Thus, FLUSHOUTPUT is applicable for S’, too.
After application of FLUSHOUTPUT we obtain the states @ | S” and Q' | "’ which
are scope variants of each other as flush_output, @ | S” and flush_output, @’ | S"”
are scope variants.

e HALT is applicable:

Then we have S = halt,@Q | S” and as S’ is a scope variant of S, we also have
S’ = halt, Q" | S"”. Thus, HALT is applicable for S’, too. After application of HALT
we obtain the states € and € which clearly are scope variants of each other.

e HALT1 is applicable:

Then we have S = halt(t'),Q | S” and as S’ is a scope variant of S, we also have
S’ = halt(t”),Q’ | S". Thus, HaLT1 is applicable for S, too. After application of
HALT1 we obtain the states € and € which clearly are scope variants of each other.
e [FTHEN is applicable:

Then we have S = ->(t1,t2),Q | S” and as S’ is a scope variant of S, we also have
S’ =->(t),t5),Q" | S"”. Thus, IFTHEN is applicable for S’, too. After application
of IFTHEN we obtain the states call(t1), !y, t2, Q | 7m | S” and call(t}), !y, 5, Q" |
?me | 8. As m and m’ are fresh, we can demand that m’ = f(m). So the reached
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states are scope variants of each other as ->(t1,t2),Q | S” and ->(t],t,),Q" | 8"
are scope variants.

e I[FTHENELSE is applicable:

Then we have S = ;(->(t1,t2),t3),Q | S” and as S’ is a scope variant of S, we also
have S = ;(->(t},5),t4),Q" | S”. Thus, IFTHENELSE is applicable for S’, too.
After application of IFTHENELSE we obtain the states call(t1), !, t2,Q | t5,Q |
Tm | S and call(t)), b, t5, Q" | t5,Q" | 7m | . As m and m/ are fresh, we can
demand that m’ = f(m). So the reached states are scope variants of each other as
i(->(t1,t2),t3),Q | S and ;(->(#],15),t4),Q" | S”" are scope variants.

e NEWLINE is applicable:

Then we have S = nl,@Q | S” and as S’ is a scope variant of S, we also have
S" = nl, Q" | 8. Thus, NEWLINE is applicable for S’, too. After application of
NEWLINE we obtain the states @ | S” and @’ | " which are scope variants of each
other as nl,Q | S” and nl, Q' | S"" are scope variants.

e NONVARFAIL is applicable:

Then we have S = nonvar(z),Q | S” with x € A and as S’ is a scope variant of
S, we also have S’ = nonvar(x),Q’ | S”’. Thus, NONVARFAIL is applicable for S,
too. After application of NONVARFAIL we obtain the states S” and S”’ which are
scope variants of each other as nonvar(z),@ | S” and nonvar(z),Q’ | S”’ are scope
variants.

e NONVARSUCCESS is applicable:

Then we have S = nonvar(t'),Q | S” with ¢’ not being a variable and as S’ is
a scope variant of S, we also have S’ = nonvar(¢”),Q’ | S" with ¢” not being
a variable. Thus, NONVARSUCCESS is applicable for S’, too. After application of
NONVARSUCCESS we obtain the states @ | S” and @’ | S” which are scope variants
of each other as nonvar(t'),Q | S and nonvar(t”), Q" | " are scope variants.

e NOT is applicable:

Then we have S = \+(t'),Q | S” and as S’ is a scope variant of S, we also have
S’ =\+(t"),Q" | S". Thus, NOT is applicable for S’, too. After application of NOT
we obtain the states call(t'),!,,, fail | Q | 7, | S and call(t”), !, fail | Q' | 7, | S
As m and m’ are fresh, we can demand that m’ = f(m). So the reached states
are scope variants of each other as \+(¢'),Q | S” and \+(¢"),Q’ | S"" are scope
variants.

e NOUNIFYFAIL is applicable:

Then we have S = \=(t1,t2),Q | S” where t; ~ t5 and as S’ is a scope variant of S,
we also have S" = \=(1,t,),Q’ | S"" where t| ~ t},. Thus, NOUNIFYFAIL is applica-
ble for S’, too. After application of NOUNIFYFAIL we obtain the states S” and S’
which are scope variants of each other as \=(t1,¢2),Q | S" and \=(¢},5),Q" | S""
are scope variants.

e NOUNIFYSUCCESS is applicable:

Then we have S = \=(t1,12),Q | S” where t; = ty and as S’ is a scope variant of
S, we also have S" = \=(t],t,), Q" | " where t| » t,,. Thus, NOUNIFYSUCCESS is
applicable for S’, too. After application of NOUNIFYSUCCESS we obtain the states
Q| 8" and Q' | S which are scope variants of each other as \=(t1,t2),Q | S” and
\=(t],t5),Q" | " are scope variants.
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e ONCE is applicable:

Then we have S = once(t’),Q | S” and as S’ is a scope variant of S, we also have
S’ = once(t"), Q" | S”". Thus, ONCE is applicable for S’, too. After application of
ONCE we obtain the states call(,(¢',!)),Q | S” and call(,(t",!)), Q" | S”” which are
scope variants of each other as once(t'),Q | S” and once(t”),Q" | S are scope
variants.

e REPEAT is applicable:

Then we have S = repeat, @ | S” and as S’ is a scope variant of S, we also have
S’ = repeat, Q' | S”. Thus, REPEAT is applicable for S’, too. After application of
REPEAT we obtain the states @) | repeat, @ | S” and Q' | repeat, @' | S which are
scope variants of each other as repeat, @ | S” and repeat, Q' | 5" are scope variants.
e THROW is applicable:

Then we have S = throw(t'), Q | S” and as S’ is a scope variant of S, we also have
S’ = throw(t"), Q" | S"". Thus, THROW is applicable for S’, too. After application
of THROW we obtain the states € and £ which clearly are scope variants of each
other.

e TRUE is applicable:

Then we have S = true,@Q | S” and as S’ is a scope variant of S, we also have
S’ = true, @’ | S"”". Thus, TRUE is applicable for S’, too. After application of TRUE
we obtain the states @ | S” and Q' | " which are scope variants of each other as
true, @ | S” and true, @’ | " are scope variants.

e UNEQUALSFAIL is applicable:

Then we have S = \==(¢1,%1),Q | S” and as S’ is a scope variant of S, we also
have S = \==(#},t}),Q" | S". Thus, UNEQUALSFAIL is applicable for S’, too.
After application of UNEQUALSFAIL we obtain the states S” and S”’ which are
scope variants of each other as \==(¢1,¢1),Q | S” and \==(t},t}),Q" | S" are
scope variants.

e UNEQUALSSUCCESS is applicable:

Then we have S = \==(t1,t2),Q | S” where t; # t5 and as S’ is a scope variant of S,
we also have S" = \==(],15),Q’ | S where t] # t},. Thus, UNEQUALSSUCCESS is
applicable for S’, too. After application of UNEQUALSSUCCESS we obtain the states
Q| S” and Q' | S" which are scope variants of each other as \==(t1,t2),Q | S”
and \==(¢],t5),Q" | 8" are scope variants.

e UNIFYFAIL is applicable:

Then we have S = =(t1,12),Q | S” with t; = t5 and as S’ is a scope variant of S,
we also have S" = =(t],5),Q" | S with ¢} » t}. Thus, UNIFYFAIL is applicable
for 57, too. After application of UNIFYFAIL we obtain the states S” and S”" which
are scope variants of each other as =(t1,t2),Q | S” and =(¢},¢5), Q" | 8" are scope
variants.

e UNIFYSUCCESS is applicable:

Then we have S = =(t1,12),Q | S” where t; ~ ty and as S’ is a scope variant
of S, we also have S" = =(t},t,),Q’ | S where t} ~ t,. Thus, UNIFYSUCCESS
is applicable for S’, too. After application of UNIFYSUCCESS we obtain the states
Q| S” and Q' | " which are scope variants of each other as =(t1,t2),Q | S” and
=(t},t5),Q" | 8" are scope variants.
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e VARFAIL is applicable:

Then we have S = var(t'),Q | S” with ¢ not being a variable and as S’ is a scope
variant of S, we also have S’ = var(t”),Q’ | S”" with ¢” not being a variable.
Thus, VARFAIL is applicable for S’, too. After application of VARFAIL we obtain
the states S and S”’ which are scope variants of each other as var(t'),Q | S” and
var(t"”),Q’ | 8" are scope variants.

e VARSUCCESS is applicable:

Then we have S = var(z),Q | S” with z € N and as S’ is a scope variant of S, we
also have S’ = var(z), Q" | S”’. Thus, VARSUCCESS is applicable for S’, too. After
application of VARSUCCESS we obtain the states @ | S” and Q' | S” which are
scope variants of each other as var(z), @ | S” and var(z), Q" | S” are scope variants.
e WRITE is applicable:

Then we have S = write(t'),Q | S” and as S’ is a scope variant of S, we also have
S" = write(t”), Q" | S”"". Thus, WRITE is applicable for S’ too. After application of
WRITE we obtain the states @ | S” and Q' | S” which are scope variants of each
other as write(t'), @ | S” and write(t”), Q" | 8"’ are scope variants.

e WRITECANONICAL is applicable:

Then we have S = write_canonical(t'),Q | S” and as S’ is a scope variant of S, we
also have S’ = write_canonical(t”), Q" | S"”". Thus, WRITECANONICAL is applicable
for S’, too. After application of WRITECANONICAL we obtain the states Q | S”
and @' | 8" which are scope variants of each other as write_canonical(t'),Q | S”
and write_canonical(t”), Q' | S are scope variants.

e WRITEQ is applicable:

Then we have S = writeq(t'), @ | S” and as S’ is a scope variant of S, we also have
S’ = writeq(t”), Q" | S”. Thus, WRITEQ is applicable for S’, too. After application
of WRITEQ we obtain the states @ | S” and Q' | S which are scope variants of
each other as writeq(t'), @ | S” and writeq(t”), Q" | S”"" are scope variants.

O

Lemma A 8 (Equivalent Evaluations for Abstract Scope Variants (Stréder 2010))
Given an abstract state S and a scope variant S’ of S, for every concrete state S,
represented by S there exists a concrete state S represented by S’ such that all
evaluations possible for S, are also possible for S’.

Proof

As concretizations only replace abstract variables, we have for every concretization
~ that S’y is a scope variant of S7. By Lemma A 7 we obtain that all evaluations
possible for S are also possible for S’y. [

We now state some of the soundness proofs for the abstract inference rules which
are referenced later in the proofs for the correctness of our transformation.

Lemma A 9 (Soundness of PARALLEL, cf. (Schneider-Kamp 2008))
The rule PARALLEL is sound. Moreover, each derivation for a concrete state repre-
sented by the abstract state, where PARALLEL is applied to, either reaches a concrete
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state represented by the abstract state’s second successor or drops all goals (except
at most one scope marker) in this second successor due to a cut before they are
evaluated.

Proof

Assume that Sy | S’y € CON(S | S’; KB) has an infinite derivation. Then
there are three cases. If Sy has an infinite derivation, we immediately have that
S~y € CON(S; KB) has an infinite derivation. If Sy does not have an infinite
derivation and, after finitely many steps, we reach the state S’y, we have that
S’y € CON(S'; KB) has an infinite derivation. Finally, if Sy has no infinite
derivation, but we do not reach S’v, S’ must be of the form S” |?,, | S with
S" % ¢ and in the derivation of Sy | S’y we apply the CUT rule to l,,q | S""v |
S"y |2 | 8", 1e., m € AC(S). As Sy | S’y has an infinite derivation, we get
S #£e. But 8" # e #£ 5" implies m € AM(S"). Thus we have a contradiction to
AC(S)NAM(S"Y=w2. O

Lemma A 10 (Soundness of SPLIT (Stroder 2010))

The rule SpLIT is sound. Additionally, for every concretization v w.r.t. (G, F,U)
and for every answer substitution ¢’ of a successful evaluation for tv, there is a
concretization v w.r.t. (G', F',Ud) such that vé" = §v" and v| 4yua@uouaw) =
Y ayua@)ugua)-

Proof

Assume that t'v, Qv € CON (¥, Q; (G, F,U)) has an infinite evaluation. Then, fol-
lowing the proof in (Schneider-Kamp 2008), there are two cases. If ¢/ has an infinite
evaluation, we immediately have that t'y € CON(t'; (G, F,U)) has an infinite eval-
uation. If ¢’ does not have an infinite evaluation and we did not reach a state of the
form Qv | S’y for some answer substitution ¢’ and state S’, we would reach the
state e, which contradicts our assumption that ¢+, Qv has an infinite evaluation.
Therefore, if ¢’ does not have an infinite evaluation, we reach states of the form
Q¢ | S’y for answer substitutions ¢’ and states S’. If all @4’ did not have an in-
finite evaluation, this would contradict our assumption that t’, Qv has an infinite
evaluation. Thus, there must be a state Qvd’ that has an infinite evaluation. We
now show that there is a concretization v w.r.t. (G', F',Ud) such that v¢' = o+
for all answer substitutions ¢’ corresponding to a successful evaluation of ty. Then,
in particular, we have an infinite evaluation from Qd+' € CON(Q6; (G, F',UJ)).
There are three subcases.

First, if V(t') € G U F we have ¢’y € PrologTerms(X,F) as «y is a concretization
and, therefore, for all a € G(t'), ay € GroundTerms(X). Thus, we have Dom(d’) C
F(t'y). From § = azy we know that for all z € F(t'y) = F(t'), 20 € Ais a
fresh variable. We define v/ (2d) = x¢’ for € F(t') and +'(z) = y(x) otherwise.
Then, obviously, v0' = §v" and 7| ayua@) = V]awuaw). We are left to show
that 7' is a concretization w.r.t. (G',F',U9), i.e., ¥'[a = 7, Usen Alay') = 2,
Range(y'|lg') € GroundTerms(X), F'(Range(y')) = @, and A\ o)eys 57 # 'Y
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All these properties except for Range(v'|g:) € GroundTerms(X) are shown in
(Schneider-Kamp 2008).

We perform a case analysis based on the partition G’ = GW(ApprozGnd(t',5)\G).
For a € G we have defined a7y’ = av and thus ay’ € GroundTerms(X). For a €
ApprozGnd(t',5) \ G by definition of ApproxGnd and equality of v§’ and §v" we
know that ay’ € GroundTerms(X).

Second, if A(t') C G, but N(¢) € F, the answer substitution ¢’ can instan-
tiate non-abstract variables in ¢’ which might occur in the terms represented by
the abstract variables in Q. However, §’ cannot instantiate non-abstract variables
not occurring in ¢’. We define 7' in such a way that v0' = dv" and 7| 4yuaQ) =
Y| atyua(@)- This is always possible because Dom(6")N(N\N(t)) = @ and all vari-
ables in Range(d) are fresh. Then, clearly, Q0" = Qd~y. We are left to show that '
is a concretization w.r.t. (G', F',UJ). As we only need to define v’ for abstract vari-
ables, clearly 7'[4 = 7. From A(Range(d’)) = @ and {J,c 4 A(ay) = @ we know
that (J,c4 A(ay') = @. We perform a case analysis based on the partition G’ =
GW (ApprozGnd(t',6)\ G). For a € G we have effectively defined ay’ = a7y and thus
avy' € GroundTerms(X). For a € ApproxGnd(t’,5) \ G by definition of ApprozGnd
and equality of vé' and 67" we again know that ay’ € GroundTerms(X). Fur-
thermore, note that w.l.o.g. F(Range(d’)) C F(t') and F(Range(vy)) = @. Thus,
F(Range(y')) C F(t') and, consequently, F’'(Range(v')) = &. For all (s,s') € U
we have sy # s’y and, consequently svd’ % s'v6’. But from své’ = séy' and
§'v0" = §'0y" we get s6v £ s'dv'. Thus, for all (s”,s") € U, we have sv' « s'~'.

Third, if V(t') € G U F, the answer substitution §’ can potentially instantiate
any non-ground term in @7y except for variables from F(Q) \ F(t'). We define
’}/ in such a way that ’}/5/ = 5’}/ and '-Y|A(t)U.A(Q) = '7/|.A(t)U.A(Q)~ This is always
possible because Dom(6") N (F\ F(t')) = @ and all variables in Range(d) are fresh.
Then, clearly, Qv = Qd~'. We are left to show that +’ is a concretization w.r.t.
(G, F,Ud), ie., ¥'a =7, Ugea Alay') = @, Range(v'|g:) € GroundTerms(X),
F'(Range(y')) = @, and Nis.syeus sy A sy

All these properties except for Range(y'|g/) € GroundTerms(X) are shown in
(Schneider-Kamp 2008).

We perform a case analysis based on the partition G’ = GW(ApprozGnd(t',6)\G).
For a € G we have effectively defined ay’ = avy and thus ay’ € GroundTerms(X).
For a € ApproxGnd(t',0) \ G by definition of ApprozGnd and equality of v’ and
04" we again know that ay’ € GroundTerms(X). [

Lemma A 11 (Soundness of INST (Stroder 2010))
The rule INSTANCE is sound. Additionally, for every concretization v w.r.t. (G, F,U)
there is a concretization v w.r.t. (G', F',U") such that Sy = 5" u|n-

Proof

Assume we have an infinite evaluation starting from =S¥ €
CON(S;(G,F,U)). We show that there is a substitution 7/ such that S'v" €
CON(S';(G',F',U")) and S’y has an infinite evaluation.
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For this purpose, we first show that S € CON(S”; (G, F',U’)) has an infinite
evaluation.

Following the proof in (Schneider-Kamp 2008), there must be a p~! such that
plap™
as S"p =5 and p~
tion. Additionally, we have that S”~'u|n = Sypu~tuly = Sv. We are left to show
that 4/ is a concretization w.r.t. (G, F,U'), ie., 7|4 = 7, Usen Alay') = @,
Range(y'|lg') € GroundTerms(X), F'(Range(y')) = @, and A, ety # 'Y

All these properties except for Range(y'|g/) C GroundTerms(X) are shown in
(Schneider-Kamp 2008).

We know that for all @ € G, au € PrologTerms(3,G). Further, as v is a con-
cretization w.r.t. (G, F,U), we know that for all a € G, ay € GroundTerms(X).

Thus, for all a € G’, we have ay’ Def apypt
therefore, Range(y'|g:) C GroundTerms(X).

Since S” is a scope variant of S’ and 7’ replaces only abstract variables, S”v is
also a scope variant of S’y". As §"+" € CON(S”;(G', F',U")) has an infinite eval-
uation, we obtain by Lemma A 8 that S’y € CON(S’; (G', F',U’)) has an infinite
evaluation, too. [

= ptuly = id as p|n is a variable renaming. Let v/ = pyu~t. Clearly,

lis a variable renaming, S”7’ = Syu~! has an infinite evalua-

= apy € GroundTerms(X) and,
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Appendix B Extended Definitions

We first restrict the INST rule again such that it does not lose any ground informa-
tion as in the paper. So we only consider derivation graphs where for every node
n € Inst(G) with n = Sinst; Ginst, Finsts Uinst, Succi(s) = Sop; Gog, Fof,Uss, and
Softt = Sinst, we have for each z € Dom(p) that if V(zp) C Gine holds, then
xr € gof.

Moreover, we extend connections paths to the presence of PARALLEL nodes.

Definition B 1 (Connection Path)

A path m = s1...s; is a connection path w.r.t. G if, and only if, £ > 1 and the
following conditions are satisfied:

e 51 € {root(G)} U Succy(Inst(G) U Split(G) U Parallel(G)) U Sucea(Split(G) U
Parallel(G))

e ny € Inst(G) U Suc(G) U Split(G) U Parallel(G) U Sucey (Inst(G))

o forall 1 <j <k, s; ¢ Inst(G) U Split(G) U Parallel(G)

o forall 1 < j <k, s; ¢ Succ(Inst(G))

Finally, we adapt the definition of the synthesized TRS.

Definition B2 (TRS from Derivation Graph)

The TRS for a derivation graph G is defined as R(G) = C(G) US(G) U P(G) with
C(G) = Usx connection path w.r.t. g ConnectionRules(r),
S(G) = Unespiir(c) SplitRules(n) and
P(G) = Uneparatiei(a) ParallelRules(n).

For a path m = s1 ... si, we define ConnectionRules(w) as follows. If s, € Suc(G),
then ConnectionRules(m) = {ren™(s1)oro — ren®"(sy, skip(m,1))oro}. Other-
wise, we have ConnectionRules(m) = {

ren'™(s1)ox 0
%

Us, s, (ren ™™ (sk), V(ren™(s1)))or.0)
} U U_je{l,“.,g}/\ the j-th goal in sy is no scope marker{

Usy,sp (renom(skv J)v V(Tenm(sl)))o—ﬂ',jfl)
%

out(sy, skip(m, J))or j—1

ren

} where s, has g goals.

Here, ug, s, is a fresh function symbol and the functions ren™ and ren "t

are defined
as follows:
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ren™(Succi(s))u  if s € Inst(G) where

ren™(s) =

1 is the substitution associated with s

fin(gin(s)) otherwise, where fi is a fresh function

symbol and G*(S; (G, F,U)) = GNV(S).

out(

ren®* (Succy (s),i)p

(G (s,1))

ren vt (

8,1) =

The function symbols fi" and f;“;t for all i € IN must be different from each other.
Moreover, ApproxG approximates the abstract variables that have to be instanti-
ated by ground terms using a given groundness analysis Groundp : ¥ x 2N — 2N
which given a predicate p and a set of ground argument positions computes the set
of ground argument positions after a successful computation using the clauses from

P:
ApprozG([],G) = @

if s € Inst(G) where

1 is the substitution associated with s
otherwise, where fo4* is a fresh function
symbol,

t1,...,tm is the ¢-th goal in s, and

Gt (S; (G, F,U),1)

= (GNV(9))uU

ApprozG([t1, ..., tm],GN

V(9)).

ApproxG([t|L],G) = NextG(t,G) U ApproxG(L,G U NextG(t,G))

where

NextG(t, g) - {V(t’t) | t= p(tlv cee 7tn)7i S Groundsliaap(t)(py {Z | V(tz) g g})}
For a node s € Split(G), we define SplitRules(s) = {

ren'™(s)é

—

Us, Sucer (s) (Tenin(S’U,CCl (S))(Sa V(renin (5))5)

Us, Suce, (s) (ren " (Sucey (s), 1), V(ren™ (s))d)

%

Usuccl(s)’gucm(s)(T@niTL(SUCCQ(S)), (V(ren™(s)) U V(ren®“t(Succi(s),1)))d)

USucey (s),Suces(s) (Tenout(SUCCQ(S)7 1)7 (V(renin(s)) U V(’I’(Z’ROUt(SuCcl(S), 1)))6)

4)

ren®%(s,1)8

1.

Here, ug suce,(s) and Ugyce, (s),Sucea(s) are fresh function symbols and 4 is the sub-

stitution associated with s.

For a node s € Parallel(G), we define ParallelRules(s) = {

ren(s)
%
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Us, Succy (s) (renin(Succl (3))a V(renzn(s)))
} U UjE{l,...,gl}/\ the j-th goal in Succy(s) is no scope marker{

Us, Sucer (s) (Tenom(succl(s)v J)a V(Tenm(s)))
4)

out(

ren®* (s, j)

pud

ren(s)
%
Us, Suces (s) (ren®™(Sucea(s)), V(ren™(s)))

} U Uie{l,...,gg}/\ the i-th goal in Succa(s) is no scope marker{

Us, Succa (s) (,renout (SUCCQ(S)v Z)? V(Tenin (3)))
—
ren®“(s, g1 + 1)

} where Succy(s) has g1 goals and Succa(s) has go goals.
Again, U, guce, (s) and Ug gyce,(s) are fresh function symbols.
Furthermore, skip(m,i) and o, ; are defined as follows:

skip(s1...s;5,1) =

i if =1

skip(s1...sj-1,1+1) if (sj_1 € NoUnifyCase(G)U
UnequalsCase(G), s; = Succa(sj-1))
or s;_1 € NoUnifyFail(G)

skip(s1...s5-1, if (sj_1 € BacktrackSecond(G),

i+ change(s;j_1,5;)) sj = Succa(s;j-1))
or (sj—1 € Backtracking(Q))

children and s; = Succ(k, sj—1))

or (sj_1 € Cut(G) and i > 1)
skip(s1...sj-1, if s;_1 € Introducing(Q)
reduce(s;—1,5;,1 — 1) + 1)

skip(s1...s5-1,1) otherwise

or (sj_1 € VarCase(G) where s;j_1 has k

39
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id

Osy...

iAnsSub(s;—1)

Sj—1,

wos;_1,iBackSub(s;_1)

...s_7~_1,i+1B(leSub(sj_1)

...sj,l,io'c—l

...8j—1,i+change(s;j_1,s;5)

...8j—1,reduce(sj_1,5;5,1)

c8 1,0

Stréder et al.

Osy...85,0i —
ifj=1
if (sj_1 € Split(G), s; = Succa(s;j—1)
or sj_1 € FqualsCase(G), s; = Succi(sj—;))
or (sj—1 € Eval(G) U OnlyEval(G)J
UnifyCase(G) U UnifySuccess(G),
sj = Suceq(sj—1),1=10)
if s;_1 € Eval(G) U OnlyEval(G)J
UnifyCase(G) U UnifySuccess(G),
sj = Suceq(sj-1),1>0
if (sj_1 € NoUnifyCase(G)U
UnequalsCase(G), s; = Succa(sj—1))
or sj_1 € NoUnifyFail(G)
if s;_1 € VarCase(G) where s;_1 has more
than ¢ children, s; = Succ(c, s;-1) and
0c—1 is the substitution used for s;
if (sj_1 € BacktrackSecond(G),
sj = Succa(s;j-1))
or (sj—1 € Backtracking(G))
or (sj_1 € VarCase(G) where s;_1 has k
children and s; = Succ(k, sj_1))
or (sj—1 € Cut(G) and i > 0)
if s;_1 € Introducing(Q)

otherwise
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Here, AnsSub : V' — Subst(3,V) and BackSub : V — Subst(X, V) are defined by:

o it s € EqualsCase(G) where o is the substitution
used for Suceq (s)

o' it s € Eval(G) U OnlyEval(G) U UnifyCase(G)
U UnifySuccess(G) where o’ is the substitution

AnsSub(s) =

used for Suceq (s)

0 if s € Split(G) where ¢ is the substitution
used for Sucea(s)

td otherwise

olg if s € Fval(G) U NoUnifyFail(G) U OnlyEval (G)
UUnifyCase(G) U UnifySuccess(G) where
olg is the substitution used for Succy(s)
BackSub(s) = olg if s € NoUnifyCase(G) where o|g is the

substitution used for Succa(s)
o if s € UnequalsCase(G) where o is the substitution

used for Succa(s)

id  otherwise

The functions change : V. xV — IN and reduce : Vx V x IN — IN are defined by:

change(sy, s2) =

1 if (s1 € BacktrackSecond(G) \ {PARALLEL}, so = Succa(s1)) or
(s1 € Backtracking(Q@)) or (s1 € VarCase(G) where
s1 has k children and sy = Succ(k, s1)) or
(s1 € Call(G) U Disjunction(G) U IfThen(G) U Repeat(G))

2 if s1 € IfThenElse(G) U Not(G)

k if (s1 € Parallel(G), s2 = Succa(s1),

Suceq(s1) =51 | ... | Sk; KB where
S; € Goal(2,V) Vie{l,...,k})
or (s1 € Cut(G),s1 =!m, Q| S1|...| Sk |?m | S; KB

where S; € Goal(X, V) \ {7} Vie {1,...,k})
or (s1 € Case(G),s1 =t,Q | S; KB and |Slicep(t)| = k)

0 otherwise

reduce(sy, S2,1) = max(0, 7 — change(si, s2))
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Finally, the set Backtracking(G) is defined as the union of the sets

AtomicFail(Q) o Fuil(@) o UnequalsFail(G)
Backtrack(QG) o Failure(G) o UnifyFail(G)
CompoundFail(G) o NonvarFuail(G) o VarFuail(G)
FEqualsFail(Q) o Suc(G)

while the set BacktrackSecond(G) is defined as the union of the sets

AtomicCase(Q) o FEual(G) e UnifyCase(G)
CompoundCase(G) e NonvarCase(G)
FEqualsCase(Q) e Parallel(G)

and the set Introducing(G) is defined as the union of the sets

Call(G) o [fThen(G) e Repeat(Q)
Case(Q) e [fThenElse(G)
Disjunction(G) e Not(G)
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Appendix C Proving the Correctness of the Transformation

The following lemmata show that R(G) can be used to simulate (at least) all
evaluations of the original Prolog program by innermost rewriting and that the
length of the corresponding rewrite sequences is asymptotically over-approximating
the length of the original evaluations (more precisely, a number of rewrite sequences
can be used as input for a function and the function’s value over-approximates the
length of the corresponding original evaluation).

Before we start to state the lemmata, we introduce the notions of a state prefix
and extension, respectively, which will be used in the following proofs.

Definition C'1 (State Prefiz, State Extension)

Let S be a state with S = 57 | --- | Sk where Vi € {1,...,k}:S; € Goal(2,V). Let
S’ be another state. S is a state prefiz of S’ iff there is a bijection f : IN — IN and
S'=81|---15 18" for some state S” where we have for all i € {1,...,k}:

e S5;=0Q = S/ =Q,Q" for some list of terms Q" where Q' = Q¢
e S, =(Q)n = S =(Q, Q”)?(m) for some list of terms Q" where Q' = Q&

Here, we define £ = [!;/!(;) Vi € IN].
For two states S and S, S’ is a state extension of S iff S is a state prefix of S’.

Ezample C'2
Consider the state S = t1,ts | (t3)%,. The state t; is a state prefix of S while the
state t1,to | (t3)%, | (t4)7, is a state extension of S.

The notions of a state prefix and extension respectively are useful to describe the
connection between a derivation graph and the evaluations it represents. Due to
the splitting of backtracking lists and goals with the rules PARALLEL and SPLIT,
the evaluation may contain states which are not represented by only one abstract
state, but by several different abstract states instead. Still, we have to take this
difference into account while we prove the correctness of our transformation.

Thus, for the simulation of evaluations by derivation graphs, we need to follow
not only linear paths, but tree paths in a derivation graph. This is also due to
the splitting of goals by the SPLIT rule and to the splitting of backtracking lists
we encounter at PARALLEL nodes. The following definition therefore gives us a
structure for describing the way of an evaluation through a derivation graph.

Definition C3 (Tree Path)

For a derivation graph G = (V,E) we call a (possibly infinite) word
m = (ng,vo,p0), (N1,v1,p1), (N2, v2,p2),... over the set IN x V x IN a tree path
w.r.t. G iff the following conditions are satisfied for all 7,5 € IN:

po%{no7n17n27~-~}
i#£0 = p; € {ng,n1,n2,...}
ni =p; = (’Ui,’l)j)EE
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® p; <Ny

e there are indices g, ..., im, € {Nno,n1,n2,...} with iy, =0, o =i and p;,_, =
n,, for all r € {1,...,m;}

e if (n;, v;, p;) has more than one successor, then we have v; € Split(G)UParallel(Q)
o if (n;,v;,p;) with v; € Split(G) U Parallel(G) has only one successor (n;,v;,n;),
we have v; = Suceq (v;)

Here, we call (n;,v;,p;) a successor of (n;,v;,p;) iff p; = n;. We call (n;,v;,p;) a
leaf of 7 iff it has no successor. We call (ng,vg, po) the root of . For (n;,v;,p;)
and (nj,vj,p;), we call (n;,v;,p;) an ancestor of (nj,v;,p;) iff there are indices
0y« yim;, € {no,n1,n2,...} with i, = 4, ipc = j and p;,_, = n;, for all r €
{1,...,m;}. We call a tree path 7’ a subtree of a tree path 7 iff the root of =’
occurs in 7 and all (n;,v;,p;) in 7, where the root of 7’ is an ancestor, also occur
in 7. We call a subtree 7’ of 7 direct iff the root of 7’ is a successor of 7’s root.
Moreover, for each tree path = we define numOfSuccesses(m) as follows:

numOfSuccesses((ng, v, Po), - -.) =

1+ X is a direct subtree of #PumMOfSuccesses(n’')  if vy € Suc(G)

numOfSuccesses(n’) - numOfSuccesses(n'") if vy € Split(G), 7 has two
direct subtrees " and 7"

0 if vg € Split(G), 7 has only one

direct subtree

Yt is a direct subtree of = PUMOfSuccesses(n’) otherwise

Finally, for each tree path 7 we define size(w) as follows:

size((no,vo,po),--.) =

1+ size(n'") + numOfSuccesses(n’) - size(n”")  if vg € Split(G), 7 has two direct
subtrees 7’ and 7’/ where the
root of ©’ is (nj,vj,ng) and

v; = Sucer (vg)

. ’ .
1+ 27 is a direct subtree of ﬂszze(ﬂ— ) otherwise

The following lemma shows how a concrete evaluation is simulated by a deriva-
tion graph, i.e., how a tree path through the graph is constructed for a concrete
evaluation.

Lemma C4 (Tree Paths for Evaluation in Derivation Graph)

Let #,(S,S") denote the number of answer substitutions which are added between
two concrete states S and S’. Let SsiartVstart € CON(Sstart; KBsiars) with
Sstart; KBstart = s € G for a derivation graph G = (V, E) and there is a prefix of an
evaluation with € steps from SgiariVstart to a state S¢, ;. Then there are two finite
tree paths 7, = (1,v{,p%),..., (ka, v ,pf ) and m = (1,28, p%),..., (kmvzb,pﬁb)
w.r.t. G with the following properties:
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e v =vl=s

e Foralli e {1,...,k,} there are concretizations 7; and variable renamings p; on
N such that the evaluation reaches a state extension of S;v;p; where v¥ = S;; K B;
e Forall i € {1,...,ky} there are concretizations 7; and variable renamings p; on
N such that the evaluation reaches a state extension of S;7y;p; where v¢ = S;; KB;
and S;v; € CON(S;; KB;).

L4 ﬁa(sstart’}/starh Sgnd) S numOfSuccesses(Wa)

o (€ O(size(my))

Proof

We perform the proof by induction over the lexicographic combination of first the
length ¢ of the evaluation and second the edge relation of G’. Here, G’ is like G
except that it only contains outgoing edges of INST, PARALLEL, and SPLIT nodes.
Note that this induction relation is indeed well founded as G’ is an acyclic and
finite graph. The reason is that when traversing nodes (S; KB) in G’, the number
of terms in S cannot increase. Since this number is strictly decreased in PARALLEL
and SPLIT nodes, any infinite path in G’ must in the end only traverse INST nodes.
This is in contradiction to the definition of termination graphs which disallows
cycles consisting only of INST edges.

We first show that the lemma holds for nodes Sgiut; KBsiart Where one of the
abstract rules INST, PARALLEL, or SPLIT has been applied. Here, whenever we have
to define the concretization v; and the variable renaming p; and if these are not
specified, then v; = v and p; = id.

e If we applied the INST rule to s, we have Succy(s) = Sinst; KB” with Sgar =
St ,stit where S! . is a scope variant of Sj,s;. By Lemma A 11 we know that there
is a concretization " such that Sinsy” € CON(Sinst; KB”) and SspariYstart =
Sl sty 1l As plnr is a variable renaming and S}, is a scope variant of S,
we conclude that the evaluation from SgiariVstare t0 @ state extension of S¢ , can
be completely simulated by a corresponding evaluation from S;,7” to a state
extension of a state Sg;ld of length ¢ where the only difference is the applica-
tion of ulx. To be more precise, if S; is the i-th state in the evaluation from
SstartVstare 10 & state extension of S¢, , then there also is an i-th state S} in the
evaluation from S;,.7” to a state extension of Sg;ld and Siuly = S;. Hence,
we can use the induction hypothesis for the latter evaluation to obtain two tree
paths 7/, and 7}, each with root Sj,s; KB”. To obtain 7, and m, from 7/, and y,
we first modify all variable renamings by additionally adding pulx (pi = phuln)-
Then we add the node Sgurt; KBsiart as new root and start the paths with the
edge from Ssurt; KBsiart t0 Sinst, KB". Obviously, we did not change the num-
ber of answer substitutions and have fq(SstartVstarts SShg) = fa(Sinsty”, Sg;d) <
numOfSuccesses(m,) = numOfSuccesses(m,) and £ € O(size(m)) = O(size(my,) +
1) = O(size(my)).

e If we applied the PARALLEL rule to s, we reach two states Si; KB+ and
So; KB start where Sgiare = S1 | Sa. There are two cases depending on whether
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the evaluation contains the complete evaluation of S17s¢4r¢, 1.€., for each evaluation
step from a state S to a state S’ in the evaluation of S17vstert, there are two suc-
cessive states S” and S in the evaluation of Sgyqr¢Vstart Such that S” is a state
extension of S, S is a state extension of S’, and the evaluation step between S”
and S”” is performed with the same inference rule as for S and S’. If the evaluation
contains such a sub-evaluation, we can apply the induction hypothesis to obtain
two tree paths 7/, and 7, for the evaluation of S1vsiars, since either the evaluation
of SstartVstart is longer or it has the same length while we have one PARALLEL edge
less to consider. If the evaluation of SgiartVstart 18 nOt longer, then we obtain the
desired tree paths 7, and 7, by inserting the step from s to Sucec(s) before 7/,
and 7, respectively. Clearly, we have #4(SstartVstart, SS,q) = ﬁa(SwsmmSﬁnd) <
numOfSuccesses(m,,) = numOfSuccesses(m,) and £ € O(size(m,)) = O(size(m;,) +
1) = O(size(myp)). If the evaluation of SgtartYstars 18 longer than the one of S17vstart,
then we know by Lemma A 9 that Sovstare is reached from SgiartVstars Dy the eval-
uation or that a state 7,, for some m € IN is reached directly after completing the
evaluation of S77stqr¢- In the latter case, the evaluation takes exactly one more step
to reach S¢,, = ¢ after completing the evaluation of Si7vsire. Again, we obtain
the desired tree paths 7, and m, by inserting the step from s to Succy(s) before
m, and ), respectively. Then we have #,(Sstart Ystart, Sopg) = ﬁa(Swsmrt,Sg;d) <
numOfSuccesses(m),) = numOfSuccesses(m,) and £ = £ —1+1 € O(size(m,) +1) =
O(size(my)). In the former case, we can apply the induction hypothesis to Succa(s)
to obtain two further tree paths 7 and 7;. The desired tree paths 7, and 7, are then
built by having s as the root with two successors: 7/, or 7 is the left subtree and 7/
or ) is the right subtree, respectively. Let the evaluation of S17sters take ¢’ steps.
Then the remaining evaluation from Ss¥s¢ars to S, takes £ — ¢’ steps and we have
C=10—1U+1 € O(size(m)) + size(m,)) = O(size(my) ) + size(my) + 1) = O(size(my)).
Moreover, we have ﬁa(sstartVStart7 S(e:nd) = ﬁa(Sl'Ystarta Sg/nd) + ua(SZ’Ystarh Sg;Ld) <
numOfSuccesses(rl,) + numOfSuccesses(nl) = numOfSuccesses(w,). If the evalua-
tion does not contain the complete evaluation of S17stqr¢, then the case is analogous

to the case where the comlete evaluation of S77ste+ has the same length as the eval-

c

uation of SsiqrtVstart, Decause we know by Lemma A9 that a state prefix of S¢, ,

must be reachable from S7stqrt-

e If we applied the SPLIT rule to s, we know that Sgat = t, Q, Succy(s) = t; KB start
and Succa(s) = QJ; KB'. We use the induction hypothesis on Suceq(s) to obtain
two tree paths 7, and 7}. There are two cases depending on whether the evaluation
produces an answer substitution (in the evaluation, this will only be a candidate
for an answer substitution) for tvszart-

If no answer substitution is produced for tvyge¢ during the evaluation from
SstartYstart 10 SE,, 4, then we obtain the desired tree paths by simply adding s before
the root of 7!, and 7. We obtain £,(Sstart Vstarts Spg) = 0 < numOfSuccesses(m,)
and ¢ € O(size(nm})) = O(size(n}) + 1) = O(size(m)).

If tystart produces at least one answer substitution during the evaluation from
SstartYstart t0 S, 4, then we consider the two (maybe equal) answer substitutions
0q and Op for tystert such that the evaluation of Qvsiqr:0, produces as many answer
substitutions as possible during the evaluation from Ssi4r¢Vstart to S¢,,; and the eval-
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uation of Qstertdp is part of the evaluation from SiioreYstart to S¢,, and as long as
possible. By Lemma A 10 we know that there are concretizations v, and ~y, such that
Qstart0a = Q074 and QsiartOp = Q7. Thus, we can use the induction hypothesis
for Qd~, to obtain a tree path W,?. The desired tree path m, is then built by having
s as its root and 7!, as its first direct subtree and 7% as its second direct subtree. We
obtain

Ba(SstartVstart, Seng) = L is an answer substitution for tyuan dur-fa(@Ystartd’, Sgng) <

ing the evaluation from SgiartYstart t0 SE, 4

numOfSuccesses(rt) - numOfSuccesses(n@) = numOfSuccesses(r,). Moreover, we
use the induction hypothesis for QY+, to obtain a tree path 771? . There are two
cases. If size(nl) > numOfSuccesses(nt) - size(r(?), then the desired tree path
mp is built by having s as its root and w} as its only direct subtree. Let ¢’ be
the length of the evaluation of ¢4+ during the evaluation from SsiertVstart tO

c : _ / ; t
We obtain £ = ¢ + 25/ is an answer substitution for tvyga dur- (€ -t ) € O(SZZG(WZ)) +

end"
c

ing the evaluation from SgiarYstart to Sg,,

numOfSuccesses(mt) - size(n2)) = O(size(nl)) = O(size(nt) + 1) = O(size(m)).
If size(w) < numOfSuccesses(rl,) - sz’ze(ﬂ'?), then the desired tree path m, is
built by having s as its root, 7} as its first direct subtree and 7er as its second
direct subtree. We obtain £ = 14 + 25' is an answer substitution for ¢y dur- (6 - El) €

ing the evaluation from SsiartYstart t0 SE, 4
O(size(wg)+numOfSuccesses(7rfl)-size(w,?)) = (’)(numOfSuccesses(ﬁfl)-size(ﬂ'?)) -

O(1 + size(n!) + numOfSuccesses(wt) - size(n?)) = O(size(m)).

For ¢ = 0 we know that SeartVstart = SC,q € CON (Sstart; KBstart). Thus, for
Yo = Vstart and pg = id we trivially obtain 7, = m, = (1,s,0) as the desired tree
path.

For ¢ > 0, we can assume that the lemma holds for evaluations of length at most
{—1.

We perform a case analysis over the first concrete inference rule applied in the
evaluation where we can assume that the abstract inference rules INST, PARALLEL,
and SPLIT were not applied to s.

e For CasE we have Sy = t,Q | S, where root(t) ¢ BuiltInPredicates

and  Slicep(t) # @ and the evaluation reaches the state
(t,Q);I’ysmrt [ - (t,Q);-m'ysmrt | Sr7start- So the only applicable abstract in-
ference rule for s is CASE.

By applying the CASE rule to s, we reach the state s’ = (£,Q)}' | -+ | (£,Q);" |

Sr; KB stqre. By the induction hypothesis we obtain the tree paths 7, and 7 with
the properties in Lemma C 4 for s’. We obtain the desired tree paths 7, and m, by
inserting the path from s to s’ before 7/, and , respectively.

e For Suc we have S0+ = O | S, and the evaluation reaches the state S,vstart-
So the only applicable abstract inference rule for s is Suc.

By applying the Suc rule, we reach the state S,; KBgir¢. By the induction hy-
pothesis we obtain two tree paths 7, and 7, with the properties in Lemma C4
for S,; KB gtert- Thus, we obtain the desired tree paths m, and m, by inserting the
path from s to Sy; KBgar before ml, and mj, respectively, using 7gqr¢ and id for
Sr; KBstart-
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e For FAILURE, CuT, and CUTALL, the proof is analogous to the case where the
Suc rule is the first rule in the evaluation.

e For VARIABLEERROR, we have Sgq+ = call(z), Q | S, and the evaluation reaches
the state €. So the only applicable abstract inference rule for s is VARIABLEERROR.
By applying the VARIABLEERROR rule, we reach the state e; KB gq4.¢. As the evalua-
tion has to end here, we obtain the desired tree paths n, = m, =
(]-7 Sstart; KBstarta 0)7 (2? & KBstaﬂh ]-) uSing id and id for &] KBstart'

e For UNDEFINEDERROR, THROW, HALT, and HALT1, the proof is analogous to
the case where the VARIABLEERROR rule is the first rule in the evaluation.

e For EVAL we have S = (t,Q); | S, and the evaluation reaches the state
Blo, Qvstarto | Sr¥start as defined in the EVAL rule. From the soundness proof of
BACKTRACK we know that the only applicable abstract inference rules for s are
EvaL and ONLYEVAL.

If we applied the EVAL rule, we have Succy(s) = Bio’,Qo’ | Sr.o|g; KB’ as defined
in EVAL. From the soundness proof of EVAL we know that there is a concretization
~v" wrt. KB with Bio'y",Qo’y" | Siolgy” = Bio,Q¥starto | Srstart- By the
induction hypothesis we obtain two tree paths 7/, and 7; with the properties in
Lemma C4 for Blo’,Qo’ | S,o|g; KB'. Thus, we obtain the desired tree paths m,
and 7, by inserting the path from s to Bo’,Qo’ | S,o|g; KB’ before 7, and my,
respectively, using 4" and id for Bjo’,Qo’ | S,o|g; KB'.

If we applied the ONLYEVAL rule, we have Succi(s) = Blo',Qo’ | Syo|g; KB’ again
and, hence, the same case as for EVAL.

e For BACKTRACK we have Sgur = (t,Q)} | S, and the evaluation reaches the
state S,Vstart- From the soundness proof of ONLYEVAL, we know that the only
applicable abstract inference rules for s are EVAL and BACKTRACK.

If we applied the EVAL rule, we have Succa(s) = S,; KB’ as defined in EVAL where
we know by the soundness proof of EVAL that 74, is a concretization w.r.t. KB’
By the induction hypothesis we obtain two tree paths 7/, and 7, with the properties
in Lemma C4 for S,; KB’. Thus, we obtain the desired tree paths m, and m, by
inserting the path from s to S,; KB’ before w], and }, respectively, using 7sar
and id for S,; KB'.

If we applied the BACKTRACK rule, we have Succi(s) = S,; KB’ and, hence, the
same case for Succy(s) here as for Succa(s) in the case of EVALL.

e For CALL we have Sy = call(t’),@ | S, and the evaluation reaches the state
" Ystarts QYstart | Tm | Srystart for ¢ = Transformed(t',m). So the only applicable
abstract inference rule for s is CALL.

By applying the CALL rule, we reach the state t”,Q |7,, | Sy; KBgstart- By the
induction hypothesis, we obtain two tree paths 7/, and n; with the properties in
Lemma C4 for t,Q | 7 | Sr; KBstart- Thus, we obtain the desired tree paths m,
and m, by inserting the path from s to t”,Q |?m | Sr; KBstars before m/, and ,
respectively, using vszor+ and id for t/,Q | 7, | Sr; KB start-

e For ATOMICFAIL we have S+ = atomic(t'),Q | S, where t'yg4r¢ is N0 con-
stant and the evaluation reaches the state S,vstqr. S0 the only applicable abstract
inference rules for s are ATOMICFAIL and ATOMICCASE.

If we applied the ATOMICCASE rule, we have Succa(s) = Sp; KBstart. By the in-
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duction hypothesis we obtain two tree paths 7, and 7, with the properties in
Lemma C4 for S,; KBgtqr+- Thus, we obtain the desired tree paths m, and m, by
inserting the path from s to S,; KB before m/, and ), respectively, using vsiqort
and id for S,; KB gpqrt-

If we applied the ATOMICFAIL rule, we have Succi(s) = S,; KBgiare and, hence,
the same case for Succy(s) here as for Sucea(s) in the case of ATOMICCASE.

e For ATOMICSUCCESS we have Sgqr¢ = atomic(t'), @ | S, where #4404 is a con-
stant and the evaluation reaches the state Q7start | Sr¥start- SO the only applicable
abstract inference rules for s are ATOMICSUCCESS and ATOMICCASE.

If we applied the ATOMICCASE rule, we have Succy(s) = Q | Sy; KB’ as defined for
ATOMICCASE where we know by the soundness proof of ATOMICCASE that Ysiar is
a concretization w.r.t. K B’. By the induction hypothesis we obtain two tree paths
m,, and 7, with the properties in Lemma C4 for @ | S,; KB’. Thus, we obtain the
desired tree paths 1, and m, by inserting the path from s to @ | S,; KB’ before 7/,
and 7, respectively, using g4t and id for Q | S,; KB'.

If we applied the ATOMICSUCCESS rule, we have Succi(s) = Q | Sy; KB’ again and,
hence, the same case as for ATOMICCASE.

e For CoMPOUNDFAIL, EQUALSFAIL, and NONVARFAIL, the proof is analogous to
the case for ATOMICFAIL.

e For COMPOUNDSUCCESS, NONVARSUCCESS, NOUNIFYSUCCESS, and UNEQUALS-
SUCCESS, the proof is analogous to the case for ATOMICSUCCESS.

e For CONJUNCTION we have St = ,(t1,%2),Q | S, and the evaluation reaches
the state t1,t2, @ | S,. So the only applicable abstract inference rule for s is CON-
JUNCTION.

By applying the CONJUNCTION rule, we have Succy(s) = t1,ta,Q | Sy; KBgtart- By
the induction hypothesis, we obtain two tree paths 7/, and m; with the properties
in Lemma C4 for t1,t2,Q | Sy; KBstart. Thus, we obtain the desired tree paths
7o and 7, by inserting the path from s to t1,t2,Q | Sy; KBgiar before ml, and my,
respetively, using ystqre and id for t1,t2, Q | Sr; KBstart-

e For DisJuNcTION, IFTHEN, IFTHENELSE, NOT, ONCE, and REPEAT, the proof is
analogous to the case where the CONJUNCTION rule is the first rule in the evaluation.
e For EQUALSSUCCESS we have Syt = ==(t1,t2), Q | Sy where t1Ystart = toVstart
and the evaluation reaches the state Qvstart | Sr¥start- S0 the only applicable ab-
stract inference rules for s are EQUALSSUCCESS and EQUALSCASE.

If we applied the EQUALSCASE rule, we have Succy(s) = Qo | Sy0; KB’ as defined
for EQUALSCASE where we know by the soundness proof of EQUALSCASE that
Ystart = OVstart 1S & concretization w.r.t. K B’. By the induction hypothesis, we ob-
tain two tree paths 7/, and 7, with the properties in Lemma C4 for Qo | S,0; KB'.
Thus, we obtain the desired tree paths m, and 7, by inserting the path from s to
Qo | Syo; KB’ before 7/, and 7, respetively, using s and id for Qo | Syo; KB'.
If we applied the EQUALSSUCCESS rule, we have ¢; = t and Succi(s) = @ |
Sr; KB stqre. By the induction hypothesis, we obtain two tree paths 7, and 7, with
the properties in Lemma C4 for Q | Sy; KBstart. Thus, we obtain the desired tree
paths 7, and m, by inserting the path from s to @ | Sy; KB stare before 7/, and my,
respectively, using vzt and id for Q | Sy; KB stare-
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e For FAIL we have Sy = fail, @ | S,-. So the only applicable abstract inference
rule for s is FAIL.

By applying the FAIL rule, we have Succi(s) = Sy; KBgtart- By the induction hy-
pothesis, we obtain two tree paths m/, and 7, with the properties in Lemma C4
for Sy; KB gare- Thus, we obtain the desired tree paths m, and m, by inserting the
path from s to Sy; KBgiere before m, and mp, respectively, using 7eqre and id for
Sr; KBstart~

e For NEWLINE we have S+ = nl, Q | S, So the only applicable abstract inference
rule for s is NEWLINE.

By applying the NEWLINE rule, we have Succy(s) = Q | Sy; KBgtare. By the in-
duction hypothesis, we obtain two tree paths =, and 7, with the properties in
Lemma C4 for @ | Sy; KBgtart. Thus, we obtain the desired tree paths m, and m,
by inserting the path from s to Q | Sy; KBgiere before wl, and 7}, respectively.

e For NOUNIFYFAIL we have Sgiorr = \=(t1,t2),Q | Sy where t1Ystart ~ t2Vstart
and the evaluation reaches the state S, vstqrt- From the soundness proof of NOUNI-
FYSUCCESS we know that the only applicable abstract inference rules for s are
NOUNIFYCASE and NOUNIFYFAIL.

If we applied the NOUNIFYCASE rule, we have Succy(s) = S,o|g; KB’ as defined
in NOUNIFYCASE. From the soundness proof of NOUNIFYCASE we know that
Ystart = OG7Vstart 1S a concretization w.r.t. K B’. By the induction hypothesis, we
obtain two tree paths 7/, and 7 with the properties in Lemma C4 for S,o|g; KB'.
Thus, we obtain the desired tree paths m, and 7, by inserting the path from s to
Srolg; KB’ before w), and 7}, respectively, using vs¢qr¢ and id for S,o|g; KB'.

If we applied the NOUNIFYFAIL rule, we have Sucey (s) = Syvstart|g; K B’ again and,
hence the same case for Succy(s) here as for Succa(s) in the case of NOUNIFYCASE.
e For TRUE, the proof is analogous to the case for NEWLINE.

e For UNEQUALSFAIL we have Sgiort = \==(t1,%2), Q | Sr where t17Ystart = toVstart
and the evaluation reaches the state S, Vstqart. So the only applicable abstract infer-
ence rules for s are UNEQUALSFAIL and UNEQUALSCASE.

If we applied the UNEQUALSCASE rule, we have Suces(s) = S,0; KB’ as defined for
UNEQUALSCASE where we know by the soundness proof of UNEQUALSCASE that
Vstart = OVstart 1S a concretization w.r.t. K B’. By the induction hypothesis, we
obtain two tree paths 7/, and 7 with the properties in Lemma C4 for S,o; KB’
Thus, we obtain the desired tree paths m, and 7, by inserting the path from s to
Syo; KB’ before 7/, and m, respectively, using vs¢qre and id for S,o; KB'.

If we applied the UNEQUALSFAIL rule, we have t; = t5 and Succi(s) = Sp; KB gtart-
By the induction hypothesis, we obtain two tree paths 7/, and 7, with the properties
in Lemma C4 for S,; KB s+ Thus, we obtain the desired tree paths m, and 7, by
inserting the path from s to Sy; KB gar before ml, and m;, respectively, using Yssart
and id for S,; KB giqrt-

e For UNIFYFAIL, the proof is analogous to the case for BACKTRACK.

e For UNIFYSUCCESS, the proof is analogous to the case for EVAL.

e For VARFAIL we have Syt = var(t'),Q | S, where t'yst4r+ is no variable and
the evaluation reaches the state S;7ystert- S0 the only applicable abstract inference
rules for s are VARFAIL and VARCASE.



Automated Complexity Analysis for Prolog by Term Rewriting 51

If we applied the VARCASE rule and s has j children, we have Succ;(s) = Sy; KBt
By the induction hypothesis we obtain two tree paths 7/, and 7; with the properties
in Lemma C4 for S,; KB s4rt- Thus, we obtain the desired tree paths m, and m;, by
inserting the path from s to S,; KB before m/, and ), respectively, using vsiqrt
and id for S,; KB gpqr-

If we applied the VARFAIL rule, we have Succi(s) = Sy; KBgiart and, hence, the
same case for Succi(s) here as for Succ;(s) in the case of VARCASE.

e For VARSUCCESS we have Sy = var(t'),Q | S, where t'y50+ € N and the
evaluation reaches the state QYstare | Sr¥start. SO the only applicable abstract
inference rules for s are VARSUCCESS and VARCASE.

Since t'vsart € N, we know that t' € A\ G.

If we applied the VARCASE rule and s has j children, there are two cases depending
on whether t/lystart € N(Q) UN<ST) U N(KBstart)-

If t'ystart € N(Q) UN(S,) UN(KBgtart), then there is an index 5/ with 1 < j' < j
and Succ.'j (s) =Qojrt1 | Srojri1; KBgari0jr+1 where o1 = [t/ [t Vstare). Thus, we
have Qo jry1Vstart | Sr0jr41Ystart = QVstart | Sr¥start and Ysiare is a concretization
w.r.t. KB 0j4+1. By the induction hypothesis we obtain two tree paths 7/, and
m;, with the properties in Lemma C4 for Qoji11 | Sy0j/41; KBgiari0j+1. Thus, we
obtain the desired tree paths 7, and m, by inserting the path from s to Qojr41 |
Sy0jr11; KB gare0 41 before ml, and 7, respectively.

If tvsare ¢ N(Q) U N(S,) U N(KBgart), then we have Succi(s) =
Qoo | Sro0; KBiario0 where og = [t/ /2] and 2 € Njesp,. By the soundness proof
of VARCASE, we know that there is a concretization 7" w.r.t. KBgi00 and a
variable renaming p’ on N such that vserep’ =" and QooYVstartp' | Sro0Vstartp =
Qooy" | Sroogy" = Q" | S.v". By the induction hypothesis, we obtain two tree
paths 7/, and 7 with the properties in Lemma C4 for Qog | Sr00; KB start00. Thus,
using Ystart and p’ for Qoo | Syo0; KBsarto0 we obtain the desired tree paths m,
and m, by inserting the path from s to Qog | S,00; KBsiari00 before wl, and my,
respectively.

If we applied the VARSUCCESS rule, then we have Succi(s) = Q | Sr; KBstart- By
the induction hypothesis, we obtain two tree paths 7/, and 7, with the properties
in Lemma C4 for Q | S;; KBstart. Thus, we obtain the desired tree paths 7, and
mp by inserting the path from s to @ | S,; KB before 7, and ), respectively.
e For WRITE we have Sgqr = write(t’), @ | S,-. So the only applicable abstract
inference rule for s is WRITE.

By applying the WRITE rule, we have Succi(s) = Q | Sr; KBgiart- By the induction
hypothesis, we obtain two tree paths 7, and m;, with the properties in Lemma C 4
for @Q | Sy; KBstart- Thus, we obtain the desired tree paths 7, and m, by inserting
the path from s to @ | Sy; KB ier before m), and 7, respectively.

e For WRITECANONICAL and WRITEQ, the proof is analogous to the case for
WRITE.

O

Next, we show that we can use the same concretization and variable renaming
as long as we do not traverse INST nodes.
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Lemma C5 (Single Concretization and Variable Renaming)

Given a path m = s1...s, with n; ¢ Inst(G) for all j € {1,...,k — 1} and an
evaluation such that there are variable renamings py,...,pr and concretizations
Yiy-eos Yk Wb KBy, ..., KBy where n; = S;; KB; for all i € {1,...,k} and the
evaluation goes from a state extension of S;1y1p1 to a state extension of Skyipr by
reaching state extensions of all S;v;p;, then there is a variable renaming p and a
concretization v w.r.t. all knowledge bases K B; such that S;v;p; = Sivp.

Proof
We perform the proof by induction over the length k of the path .

For k = 1, we have s; = s; and only one variable renaming and concretization
v1p1 = 7p. Hence, the lemma trivially holds.

For k > 1, we can assume the lemma holds for paths of length at most & — 1. By
inspection of all abstract inference rules other than INST, we know that only fresh
variables are introduced by these rules. We perform a case analysis over s; and ss.

o If 51 € Split(G) and sy = Succa(sy), i.e., we traverse the right child of a SPLIT
node, we have s; = t,Q; KB and sy = Qu; KB’ as defined in the SPLIT rule. By
the induction hypothesis, we obtain a variable renaming p and a concretization ~/
w.r.t. KB; for all j € {2,...,k} such that S;v;p; = S;j7'p. In particular, we have
Quy2p2 = Qu~y'p. By Lemma A 10 and the fact that the evaluation reaches a state
extension of Qs ps from a state extension of (¢, Q)y1p1 with some answer substitu-
tion p', we obtain y1p1p’ = pyep2 With Milamua@uaks) = 12lawua@uas)
and p; = po. Since only fresh abstract variables are introduced along 7, we have
for all abstract variables T' € (A(t) U A(Q) UA(KB)) \ (A(Qu) U A(KB')) that
T ¢ A(S;) U A(KBj). Hence, we can define the concretization v by Ty = T,
for T € (A(t) U AQ) U A(KB)) \ (A(Qu) U A(KB’)) and Ty = T+' otherwise.
Then we obviously have S;yp = S;yp; for all i € {1,...,k} and S;vp = S;7'p
for all j € {2,...,k}. As v is equally defined to 7 for all variables occurring in
the knowledge bases K B;, we clearly have that v is a concretization w.r.t. KB;.
Moreover, as 7 is equally defined to v; for all variables occurring in K By, it is also
a concretization w.r.t. K By.

o If 51 € Fval(G) and so = Succy(sy), i.e., we traverse the left child of an EVAL
node, we have s1 = (¢,Q)5, | S; KB and s2 = Blo’',Qo’ | So|g; KB’ as defined in
the EvAL rule. By the induction hypothesis, we obtain a variable renaming p and
a concretization 7' w.r.t. KBj for all j € {2,...,k} such that S;v,;p; = S;7/p. In
particular, we have Blo'yapa, Qo'vyapa | So|gyape = Blo'y p,Qo’~'p | Solgy p. By
the soundness proof of EVAL and the fact that the evaluation reaches a state ex-
tension of BlLo'vepa, Qo'yaps | Solgyape from a state extension of (¢,Q)5,v1p1 |
Sy1p1 with answer substitution ¢’ and p; = po, we obtain vyi1p10” = o'y2p2
with y1{a@ua@uasvars) = Yelawua@uas)vas). Since only fresh ab-
stract variables are introduced along m, we have for all abstract variables T €
(A(t) UAQ)UA(S)UA(KB)) \ (A(BLs') U A(Qo’) U A(So|g) U A(KB')) that
T ¢ A(S;) UA(KB,). Hence, we can define the concretization v by Ty = T"y; for
Te(At)UAQ)UA(S)UA(KB))\ (A(BLo")UA(Qo")UA(So|g) UA(KB')) and
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T~ = T otherwise. Then we obviously have S;vp = S;vip; for all i € {1,...,k}
and S;vp = S;v'pforall j € {2,...,k}. As 7 is equally defined to +' for all variables
occurring in the knowledge bases K B;, we clearly have that v is a concretization
w.r.t. KBj. Moreover, as 7y is equally defined to 7, for all variables occurring in
K By, it is also a concretization w.r.t. K Bj.

o If 51 € OnlyEval(G) and s2 = Succq(s1), i.e., we traverse an ONLYEVAL node,
we have s; = (£,Q)%, | S; KB and s2 = Blo',Qo’ | So|g; KB’ as defined in
the ONLYEVAL rule. By the induction hypothesis, we obtain a variable renaming
p and a concretization 7 w.r.t. KB; for all j € {2,...,k} such that Sjv;p; =
Sj7'p. In particular, we have Blo'v2p2,Q0"y2p2 | Solgyapz = Blo'~' p,Qa'~'p |
Solgy' p. By the soundness proof of ONLYEVAL and the fact that the evaluation
reaches a state extension of Bl.o'yapa, Qo' vapa | So|gy2pe from a state extension of
(t,Q)5,v1p1 | Sy1p1 with answer substitution o’ and p; = ps, we obtain y1p10” =
o'y2p2 With v1|4ua@QuASLVAKB) = V2| A()uA@UA(S)UAK B)- Since only fresh
abstract variables are introduced along mw, we have for all abstract variables T €
(A(t) UAQ)UA(S)UA(KB)) \ (A(BLo") U A(Qo") U A(So|g) U A(KB')) that
T ¢ A(S;) UA(KB;). Hence, we can define the concretization v by Ty = Ty, for
Te(At)UAQ)UAS)UA(KB))\ (A(BLo")UA(Qo")UA(So|g) UA(KB')) and
T~ = T+ otherwise. Then we obviously have S;yp = S;v;p; for all i € {1,... k}
and S;yp = S;v'pforall j € {2,...,k}. As ~ is equally defined to +' for all variables
occurring in the knowledge bases K B;, we clearly have that v is a concretization
w.r.t. KBj. Moreover, as 7 is equally defined to 7, for all variables occurring in
K By, it is also a concretization w.r.t. K Bj.

o If 51 € UnifyCase(G) and s2 = Succi(sy), i.e., we traverse the left child of a
UNIFYCASE node, we have s; = =(t1,t2),Q | S; KB and so = Qo' | So|g; KB’ as
defined in the UNIFYCASE rule. By the induction hypothesis we obtain a variable
renaming p and a concretization 7" w.r.t. KB; for all j € {2,...,k} such that
Sivip; = Sj¥'p. In particular, we have Qo’yapa | So|gyape = Qo'y'p | Solgy p.
By the soundness proof of UNIFYCASE and the fact that the evaluation reaches a
state extension of Qo’'y2p2 | So|gy2p2 from a state extension of (=(t1,t2), Q)y1p1 |
S~y1p1 with answer substitution ¢” and p; = pg, we obtain y1p10” = o'v2p2 with
Y1l A1) UA(t2) UAQ)UA(S)UA(K B) = V2| A(t1)UA(2)UAQ)UA(S)UA(K B)- Since only fresh
abstract variables are introduced along mw, we have for all abstract variables T €
(A(t1) U A(t2) U A(Q) U A(S) U A(KB)) \ (A(Qdo") U A(Sclg) U A(KB’)) that
T ¢ A(S;) UA(KB;). Hence, we can define the concretization v by Ty = Ty, for
T e (A(t1) UA(t:) UAQ) UA(S)UA(KB)) \ (A(Qo") U A(Sco|g) UA(KB')) and
T~ = T+ otherwise. Then we obviously have S;yp = S;v;p; for all i € {1,... k}
and Sjyp = S;y/pforall j € {2,...,k}. As v is equally defined to 4/ for all variables
occurring in the knowledge bases K B;, we clearly have that v is a concretization
w.r.t. KBj. Moreover, as v is equally defined to ~; for all variables occurring in
K By, it is also a concretization w.r.t. K By.

o If 51 € UnifySuccess(G) and sy = Succi(s1), i.e., we traverse a UNIFYSUCCESS
node, we have s; = =(t1,t2),Q | S; KB and sy = Qo' | Solg; KB’ as defined
in the UNIFYSUCCESS rule. By the induction hypothesis, we obtain a variable
renaming p and a concretization v w.r.t. KB; for all j € {2,...,k} such that
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Sivip; = S5 p. In particular, we have Qo’y2p2 | So|gyep2 = Qa’y'p | Solgy p. By
the soundness proof of UNIFYSUCCESS and the fact that the evaluation reaches a
state extension of Qo’'yaps | So|gy2pe from a state extension of (=(ty,t2), @)y1p1 |
Sy1p1 with answer substitution ¢’ and p; = pa, we obtain yi1p10” = o'y2p2
with 71| a¢)uA(t)vAQUAS) VAR B) = V2l A(t)UA(t2)UAQ)UA(S)UA(K B) - Since only
fresh abstract variables are introduced along m, we have for all abstract variables
T e (A1) UA(t2) UAQ)UA(S)UA(KB))\ (A(Qa’)U A(Sa|g) UA(KB’)) that
T ¢ A(S;) UA(KB;). Hence, we can define the concretization v by Ty = Ty, for
T e (A(t) UA(t2) UAQ)UA(S)UA(KB))\ (A(Qo’")U A(Solg) UA(KB’)) and
T~ = T+ otherwise. Then we obviously have S;vp = S;vip; for all i € {1,...,k}
and Sjyp = S;y/pforall j € {2,...,k}. As v is equally defined to 4/ for all variables
occurring in the knowledge bases K B;, we clearly have that v is a concretization
w.r.t. KBj. Moreover, as v is equally defined to ~; for all variables occurring in
K By, it is also a concretization w.r.t. K By.

e If s; € NoUnifyCase(G) and so = Succa(sy1), i.e., we traverse the right child of
a NOUNIFYCASE node, we have s; = \=(t1,t2),Q | S; KB and sy = So|g; KB’
as defined in the NOUNIFYCASE rule. By the induction hypothesis we obtain a
variable renaming p and a concretization v w.r.t. KB; for all j € {2,...,k}
such that S;vjp; = S;7'p. In particular, we have So|gyaps = Solgy'p. By the
soundness proof of NOUNIFYCASE and the fact that the evaluation reaches a state
extension of So|gvyzp2 from a state extension of (\=(t1,t2), Q@)y1p1 | Sy1p1 with

1"

answer substitution ¢” and p; = p2, we obtain yip10” = o'yap2 with

V1] At UA(t2) UAQ)UA(S)UAK B) = V2| A(t1)UA(2)UA(Q)UA(S)UA(K B)- Since only fresh
abstract variables are introduced along m, we have for all abstract variables T €
(A(t1) U A(t2) U A(Q) U A(S) U A(KB)) \ (A(Qo") U A(So|g) U A(KB')) that
T ¢ A(S;) UA(KB,). Hence, we can define the concretization v by Ty = T"y; for
T e (A(t) UA(t2) UAQ)UA(S)UA(KB)) \ (A(Qo’")U A(Solg) UA(KB’)) and
T~ = T+ otherwise. Then we obviously have S;vp = S;vip; for all i € {1,...,k}
and Sjyp = S;y/pforall j € {2,...,k}. As v is equally defined to 4/ for all variables
occurring in the knowledge bases K B;, we clearly have that v is a concretization
w.r.t. KB;. Moreover, as 7y is equally defined to 7, for all variables occurring in
K By, it is also a concretization w.r.t. K Bj.

o If s; € NoUnifyFail(G) and sy = Succi(s1), i.e., we traverse a NOUNIFYFAIL
node, we have s1 = \=(t1,t2),Q | S; KB and sy = So|g; KB’ as defined in the
NOUNIFYFAIL rule. By the induction hypothesis, we obtain a variable renaming p
and a concretization 7/ w.r.t. KB; for all j € {2,...,k} such that S;v,p; = 5;7/p.
In particular, we have So|gyeps = Solgy'p. By the soundness proof of NOUNI-
FYFAIL and the fact that the evaluation reaches a state extension of So|gvyapa
from a state extension of (\=(t1,t2),@)y1p1 | Sy1p1 with answer substitution o’
and p1 = p2, we obtain y1p10” = 'y2p2 With 1] A(t,)UA(t2)UAQ)UA(S)UA(KB) =
V2| A(t1)UA () UA(Q)UA(S)UA(K B~ Since only fresh abstract variables are introduced
along 7, we have for all abstract variables T € (A(t1) U A(t2) U A(Q) U A(S) U
A(KB))\ (A(Qo")UA(So|g) UA(KB')) that T' ¢ A(S;) UA(K By). Hence, we can
define the concretization v by Ty = T, for T € (A(t1) U A(t2) UA(Q) U A(S) U
A(KB))\(A(Qo")UA(So|g)UA(KB’)) and Ty = T/ otherwise. Then we obviously
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have S;yp = Sivipi for all i € {1,...,k} and Sjyp = S;7/pforall j € {2,...,k}. As
7y is equally defined to ' for all variables occurring in the knowledge bases K B;, we
clearly have that v is a concretization w.r.t. K B;. Moreover, as vy is equally defined
to 1 for all variables occurring in K By, it is also a concretization w.r.t. K By.

o If 51 € VarCase(G) and sy = Succy(sy), i.e., we traverse the first child of a
VARCASE node where we introduce a fresh non-abstract variable, we have s; =
var(a),Q | S; KB with a € A\ G and sy = Qo | Sog; KBoy with o9 = [a/x]
and © € Njes, as defined in the VARCASE rule. By the induction hypothesis
we obtain a variable renaming p’ and a concretization 4/ w.r.t. KB; for all j €
{2,...,k} such that S;v,;p; = S;7'p’. In particular, we have Qooy2p2 | Sooy2p2 =
Qooy'p’ | Sooy'p'. By the soundness proof of VARCASE and the fact that the
evaluation reaches a state extension of Qogyape | Sogvy2pe from a state exten-
sion of (var(a),Q)vip1 | Syip1 with an empty answer substitution, we obtain
a variable renaming p such that vy1p1p = co9yip2 = 0oy2p2 and a'y1 = a7y
for @’ # a. We define v by a’y = o'+ for ' # a and ay = avy;. Since x is
fresh and only fresh variables are introduced along 7, we have for all non-abstract
variables ' € (M(Q) UN(S) UN(KB)) \ (N(Qoo) UN(Sog) UN(KDB')) that
z’ ¢ N(S;) UN(KBj). Hence, we can define the variable renaming p by zp = avye
and z'p = 2'p' for 2’ € (N(Q) UN(S)UN (K B))\ (N(Qoo) UN (Sog) UN (K B')).
Then we obviously have S;yp = S;y;p; for all i € {1,...,k} and S;vp = S;7/p
for all j € {2,...,k}. Since v is equally defined to 4 for all variables occurring in
the knowledge bases K B;, we clearly have that v is a concretization w.r.t. KB;.
Moreover, as 7 is equally defined to 7 for all variables occurring in K By, it is also
a concretization w.r.t. K Bj.

e For all other cases we know that 1p1 = v2p2. Hence, the lemma follows by the
induction hypothesis.

O

Furthermore, we show that our definition of skip values follows exactly the num-
ber of backtracked or cut state elements at the beginning of a state. For this we can
already use the result of Lemma C5 and show this only for evaluations using the
same concretization and variable renaming along a path. Moreover, we can assume
that the path does not end in an empty state as we cannot have any connection
paths with such a path as a subpath.

Lemma C6 (Skip Values Correspond to Backtracking or Cutting)

Given a path m = s1...s, with k > 1, s; ¢ Inst(G) for all j € {1,...,k -1}, an
evaluation such that there is a variable renaming p and a concretization v w.r.t.
KBy,...,KBy where s;, = S;; KB; for all i € {1,...,k} and the evaluation goes
from a state extension of Siyp to a state extension of Syvp by reaching state
extensions of all S;yp, and Si, # €, then 0, ¢ = 0s,5,,d0s,...5,,0 iff the evaluation
backtracks or cuts the first d state elements of the state extension of Soyp until it
reaches the state extension of Siyp.
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Proof
We perform the proof by induction over the length k of .

For k =2 we have 0,0 = 05,5,,0 = Ts,5,,00d = 05,5,,005,,0 and as the evaluation
cannot backtrack or cut any state elements from the state extension of Sy to the
same state extension of So, the lemma holds.

For k£ > 2 we can assume the lemma holds for paths of length at most k£ — 1.

By the induction hypothesis, we obtain that o, . s,,0 = Os,s5,d/0ss...5,,0 iff the
evaluation backtracks or cuts d’ state elements of S3yp until it reaches the state
extension of Spyp. By Def. B2 we also know that o, ¢ = 05,5,.d0s,...5, for some
d € IN. We perform a case analysis over sy and s3.

o If s € NoUnifyCase(G)U UnequalsCase(G) and sg = Succa(sz), i.e., we traverse
the right child of a NOUNIFYCASE or UNEQUALSCASE node, we have d = d’ + 1.
Furthermore, the evaluation backtracks exactly one state element from the state
extension of Syyp to the state extension of Ssyp. As the evaluation backtracks or
cuts the first d’ state elements of the state extension of S3yp, it backtracks or cuts
the first d’ + 1 = d state elements of the state extension of Syyp and the lemma
holds.

o If 5o € Parallel(G) and s3 = Succa(sz), i.e., we traverse the right child of a
PARALLEL node, we have d = d’ + j where Succy(s2) contains j state elements.
Furthermore, as the evaluation reaches a state extension of S3yp from a state ex-
tension of So7yp, it must backtrack or cut the first j state elements of Syyp from the
state extension of Soyp to the state extension of S3yp. As the evaluation backtracks
or cuts the first d’ state elements of the state extension of S3vp, it backtracks or
cuts the first d'+j = d state elements of the state extension of Soyp and the lemma
holds.

o If 5o € Cut(G) and s3 = Suceq(s2), i.e., we traverse a CUT node, there are two
cases depending on whether d’ = 0. If ' = 0, then we have d = 0 and the evaluation
does not backtrack or cut any state element before the first state element of the
state extension of S37yp. Since this first state element of the state extension of Ssvyp
corresponds to the first state element of the state extension of Sy7yp the evaluation
does not backtrack or cut any state element before the first state element of the
state extension of S3yp and the lemma holds. If otherwise d’ > 0, then we have
d=d +j where sg =1,,,Q | S] | ... | S |7 | S" and S} € Goal(¥,V) \ {7}
Vi € {1,...,7}. Furthermore, the evaluation cuts exactly j state element from the
state extension of Syyp to the state extension of S3yp. Since d’ > 0, these state
elements must belong to the first state elements of the state extension of Ssyp which
are backtracked or cut during the evaluation. As the evaluation backtracks or cuts
the first d’ state elements of the state extension of S3vp, it backtracks or cuts the
first d’ + j = d state elements of the state extension of Syvyp and the lemma holds.
o If 5o € CutAll(G) and sg = Succy(s2), i.e., we traverse a CUTALL node, we must
have d’ = 0 since otherwise the evaluation would have backtracked or cut at least
one state element of the state extension of S3yp. As S3 contains only one state
element, this is in contradiction to the condition S; # . So we have d = 0 and
the evaluation does not backtrack or cut any state element before the first state
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element of the state extension of S3yp. Since this first state element of the state
extension of S3yp corresponds to the first state element of the state extension of
Soyp the evaluation does not backtrack or cut any state element before the first
state element of the state extension of Sayp and the lemma holds.

o If 55 € BacktrackSecond(G)\{PARALLEL} and s3 = Succa(s2), we have d = d'+1.
Furthermore, the evaluation backtracks exactly one state element from the state
extension of Sayp to the state extension of S3yp. As the evaluation backtracks or
cuts the first d’ state elements of the state extension of Ss3vyp, it backtracks or cuts
the first d + 1 = d state elements of the state extension of Syyp and the lemma
holds.

e If so € Backtracking(G) and s3 = Succy(s2), we have d = d’+1. Furthermore, the
evaluation backtracks exactly one state element from the state extension of Seyp to
the state extension of S3yp. As the evaluation backtracks or cuts the first d’ state
elements of the state extension of S3vp, it backtracks or cuts the first d +1 = d
state elements of the state extension of Syyp and the lemma holds.

o If s € VarCase(G) and s3 = Succ(j, s2) where so has j children, then we have
d = d' + 1. Furthermore, the evaluation backtracks exactly one state element from
the state extension of Syyp to the state extension of S3yp. As the evaluation back-
tracks or cuts the first d’ state elements of the state extension of Ss3vyp, it backtracks
or cuts the first d’ + 1 = d state elements of the state extension of Syyp and the
lemma holds.

o If 5o € Call(G) U Disjunction(G) U IfThen(G) U Repeat(G) and s3 = Succy(s2),
i.e., we traverse a CALL, DISJUNCTION, IFTHEN, or REPEAT node, then we have
d = max(0,d —1). There are two cases depending on whether d’ > 1. If d’ > 1, then
we have d = d’ — 1. Furthermore, the evaluation introduces exactly one additional
state element from the state extension of Sy7p to the state extension of Ssvyp which
belongs to the first d’ state elements of the state extension of S3yp. As the evaluation
backtracks or cuts the first d’ state elements of the state extension of S3vyp, it
backtracks or cuts the first d’ — 1 = d state elements of the state extension of Ssvyp
and the lemma holds. If otherwise d’ < 1, then we have d = 0. Furthermore, the
evaluation introduces exactly one additional state element from the state extension
of Sovp to the state extension of S3yp. As the evaluation backtracks or cuts the
first d’ state elements of the state extension of S3vp and, thus, backtracks or cuts
at most as many state elements as introduced from the state extension of Syyp to
the state extension of S3vp, it backtracks or cuts no state elements before the first
state element of the state extension of Syyp and the lemma holds.

o If so € IfThenElse(G) U Not(G) and s3 = Succi(sz), i.e., we traverse an
IFTHENELSE or NOT node, we have d = max(0,d" — 2). There are two cases de-
pending on whether d’ > 2. If d’ > 2, then we have d = d’ — 2. Furthermore, the
evaluation introduces exactly two additional state elements from the state extension
of Sayp to the state extension of S3vp which belong to the first d’ state elements of
the state extension of S3yp. As the evaluation backtracks or cuts the first d’ state
elements of the state extension of S3vp, it backtracks or cuts the first d — 2 = d
state elements of the state extension of Syyp and the lemma holds. If otherwise
d’ < 2, then we have d = 0. Furthermore, the evaluation introduces exactly two
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additional state element from the state extension of Ssyp to the state extension of
S3yp. As the evaluation backtracks or cuts the first d’ state elements of the state
extension of Ssvp and, thus, backtracks or cuts at most as many state elements as
introduced from the state extension of Sayp to the state extension of S3vp, it back-
tracks or cuts no state elements before the first state element of the state extension
of S2yp and the lemma holds.

o If 55 € Case(G) and s3 = Succy(sz), i.e., we traverse a CASE node, we have
d = max(0,d" — j) where Sy = t,Q | S, and |Slicep(t)| = j. There are two cases
depending on whether d’ > j. If d’ > j, then we have d = d’ — j. Furthermore, the
evaluation introduces exactly j additional state elements from the state extension
of S3vp to the state extension of S3vp which belong to the first d’ state elements of
the state extension of S3yp. As the evaluation backtracks or cuts the first d’ state
elements of the state extension of S3vp, it backtracks or cuts the first d’—j = d state
elements of the state extension of Syyp and the lemma holds. If otherwise d’ < 7,
then we have d = 0. Furthermore, the evaluation introduces exactly j additional
state element from the state extension of Sayp to the state extension of Szyp. As
the evaluation backtracks or cuts the first d’ state elements of the state extension
of S3vp and, thus, backtracks or cuts at most as many state elements as introduced
from the state extension of Syyp to the state extension of S37vp, it backtracks or
cuts no state elements before the first state element of the state extension of Syvyp
and the lemma holds.

e For all other cases we have d = d’ and the evaluation neither backtracks or cuts
nor introduces state elements from the state extension of Soyp to the state extension
of S3yp. Thus, the lemma holds.

O

Now we can show that the substitutions we use for a path (and, thus, for the
rules of the TRS) correspond to the answer substitutions of the evaluations along
the respective path.

Lemma C7 (Answer Substitutions are Instances of Path Substitutions)

Given a path m = s1...s, with s; ¢ Inst(G) for all j € {1,...,k — 1} and an
evaluation such that there is a variable renaming p and a concretization v w.r.t.
KBy,...,KBy where s; = S;; KB; for all i € {1,...,k} and the evaluation goes
from a state extension of S1yp to a state extension of Sivp with answer substitution
0 by reaching state extensions of all S;yp, then o, gyp = ypd and Spypd = Siyp.

Proof
We perform the proof by induction over the length k of the path .

For k = 1 we have s; = s; and the empty answer substitution § = id = o5, .
Hence, the lemma trivially holds.

For k > 1 we can assume the lemma holds for paths of length at most & — 1. We
perform a case analysis over s; and ss.

o If s; € Split(G) and sy = Succa(sy), i.e., we traverse the right child of a SPLIT
node, we have s; = ¢,Q; KB and sy = Q¢; KB’ as defined in the SPLIT rule.
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By the induction hypothesis, we obtain oy, s, 07p = v7pd” where ¢” is the answer
substitution of the evaluation from a state extension of Qd’vp to a state extension
of Spyp and Sipypd” = Skyp. For any answer substitution ¢’ of the evaluation from
a state extension of (¢, Q)vp to a state extension of Qd0’yp we know by Lemma A 10
or,07p- Furthermore, we know that ¢’ is idempotent as all variables in the range
of ¢ are fresh. As we applied &’ to Sy already and we know by inspection of the
abstract inference rules other than INST that only fresh variables are introduced
along 7, we obtain Sid’ = Si. Hence, we have Spypd = Spypd”’ 6" = Spd'vpd’ =
Skypd” = Skyp.

o If 51 € Fual(G) and sy = Suceq(s1), ie., we traverse the left child of an EvAL
node, then we have s; = (¢,Q)¢, | S; KB and sy = Blo',Qo’ | So|g; KB’ as
defined in the EVAL rule. By the induction hypothesis, we obtain o,. s, 0vp = ypd”
where §” is the answer substitution of the evaluation from a state extension of
Blo'vp,Qa'vyp | So|gyp to a state extension of Siyp and Skypd” = Siyp. For the
answer substitution o’ of the evaluation from a state extension of (¢, Q)% vp | Svp
to a state extension of BlLo'vp, Qo’vp | Solgyp we know by the soundness proof
of EvAL that vpo” = o'vp and vp = o|gyp. Furthermore, we know that o’ is
idempotent as the range of ¢’ contains only fresh variables. Now there are two
cases depending on whether o, ¢ starts with ¢’ or o|g. In the first case we know
by definition of o, and Lemma C6 that the evaluation did not backtrack the
substitution o”. Hence, we obtain ypd = vpa”d" = o'vpd" = 0’05, sp.07p =
ox07p- Additionally, we already applied ¢’ to Sa. As we know by inspection of all
abstract inference rules other than INST that only fresh variables are introduced
along 7, we obtain Syo’ = Sk by ¢’ being idempotent. Hence, we have Spypd =
Skypc” & = Spo'ypd” = Spypd” = Skyp. In the second case, we know by definition
of 0,0 and Lemma C6 that the evaluation did backtrack the substitution ¢” and
we have the same answer substitution ¢” for the complete evaluation. This amounts
to vpd = ypd" = ogypd" = 0G0s,. s.07P = Or,07Yp- Moreover, we obtain Syypd =
Skypd” = Skp.

e If 51 € OnlyEval(G) and s2 = Succy(s1), i.e., we traverse an ONLYEVAL node,
we have s; = (t,Q)¢%, | S; KB and sy = Blo',Qo’ | So|g; KB’ as defined in
the ONLYEVAL rule. By the induction hypothesis we obtain o, s, 070 = vpd”
where 0” is the answer substitution of the evaluation from a state extension of
Blo'vp,Qa'vyp | Solgyp to a state extension of Spyp and Skypd” = Siyp. For the
answer substitution o’ of the evaluation from a state extension of (¢, Q)% vp | Svp
to a state extension of Blo'vyp, Qo'yp | So|gyp we know by the soundness proof
of ONLYEVAL that ypo” = o’vyp and vp = o|gyp. Furthermore, we know that
o’ is idempotent as the range of o’ contains only fresh variables. Now there are
two cases depending on whether o, o starts with ¢’ or o|g. In the first case we
know by definition of o, and Lemma C6 that the evaluation did not backtrack
the substitution ¢”. Hence, we obtain vpd = vpo”§" = o'vpd" = 0’04, sp.07p =
ox,07p- Additionally, we already applied ¢’ to Sa. As we know by inspection of all
abstract inference rules other than INST that only fresh variables are introduced
along 7, we obtain S0’ = Sy by ¢’ being idempotent. Hence, we have Siypd =
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Skypad" = Spo'ypd" = Spypd” = Spyp. In the second case we know by definition
of o, and Lemma C6 that the evaluation did backtrack the substitution ¢” and
we have the same answer substitution ¢ for the complete evaluation. This amounts
to ypd = ypd" = ogypd”’ = 0gos,.. s, 07P = Ox07p. Moreover, we obtain Syypd =
Skypd” = Skyp.

o If 51 € UnifyCase(G) and s2 = Succi(sy), i.e., we traverse the left child of a
UNIFYCASE node, we have s1 = =(t1,2),Q | S; KB and sy = Qo' | So|g; KB’ as
defined in the UNIFYCASE rule. By the induction hypothesis we obtain oy, s, 070 =
~vpd” where §” is the answer substitution of the evaluation from a state extension
of Qo’'yp | Solgyp to a state extension of Spyp and Spypd” = Sgyp. For the
answer substitution o’ of the evaluation from a state extension of (=(t1,t2), Q)yp |
Svp to a state extension of Qo’yp | So|gyp we know by the soundness proof of
UNIFYCASE that ypo” = ¢’yp and vp = o|gyp. Furthermore, we know that o’
is idempotent as the range of ¢’ contains only fresh variables. Now there are two
cases depending on whether o, ¢ starts with ¢’ or o|g. In the first case we know
by definition of o, and Lemma C6 that the evaluation did not backtrack the
substitution ¢”. Hence, we obtain ypd = vpo”d" = o'vpd" = o'0s,. 5070 =
ox,07p. Additionally, we already applied ¢’ to Ss. As we know by inspection of all
abstract inference rules other than INST that only fresh variables are introduced
along 7, we obtain Syo’ = Sk by ¢’ being idempotent. Hence, we have Spypd =
Skypo” 8" = Spo'ypd" = Skypd” = Skyp. In the second case we know by definition
of 00 and Lemma C6 that the evaluation did backtrack the substitution ¢” and
we have the same answer substitution ¢ for the complete evaluation. This amounts
to vpd = ypd" = ogypd" = 0G0y, sp.07P = Ox07vp. Moreover, we obtain Syypd =
Skypd” = Skyp.

o If 51 € UnifySuccess(G) and sy = Succi(s1), i.e., we traverse a UNIFYSUCCESS
node, we have s; = =(t1,t2),Q | S; KB and sy = Qo' | So|g; KB’ as defined
in the UNIFYSUCCESS rule. By the induction hypothesis we obtain oy, s, 070 =
~vpd” where 6" is the answer substitution of the evaluation from a state extension
of Qo’'yp | Solgyp to a state extension of Spyp and Spypd”’ = Siyp. For the
answer substitution o’ of the evaluation from a state extension of (=(t1,t2),Q)yp |
Svp to a state extension of Qo’yp | So|gyp we know by the soundness proof of
UNIFYSUCCESS that ypo” = o’vyp and vp = o|gyp. Furthermore, we know that
o’ is idempotent as the range of ¢’ contains only fresh variables. Now there are
two cases depending on whether o, o starts with o’ or o|g. In the first case we
know by definition of o, and Lemma C6 that the evaluation did not backtrack
the substitution ¢”. Hence, we obtain vpd = vpo”§" = o'ypd" = 0’05, 5070 =
ox07p- Additionally, we already applied ¢’ to Sa. As we know by inspection of all
abstract inference rules other than INST that only fresh variables are introduced
along 7, we obtain Sipo’ = Sk by ¢’ being idempotent. Hence, we have Spypd =
Skypc” 8" = Spo'ypd"” = Spypd” = Skyp. In the second case we know by definition
of o, and Lemma C6 that the evaluation did backtrack the substitution ¢” and
we have the same answer substitution ¢ for the complete evaluation. This amounts
to vpd = ypd" = ogypd" = 0G0s,. s.07P = Or,07Yp- Moreover, we obtain Syypd =
Skypd” = Skp.
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o If s; € NoUnifyCase(G) and s = Succa(sy), i.e., we traverse the right child of a
NOUNIFYCASE node, we have s; = \=(t1,t2),Q | S; KB and s; = So|g; KB’
as defined in the NOUNIFYCASE rule. By the induction hypothesis we obtain
Osy...5,07P = ypd"" where §” is the answer substitution of the evaluation from a
state extension of So|gyp to a state extension of Sgyp and Sgypd” = Skyp. We
know by the soundness proof of NOUNIFYCASE that vp = o|gvyp. As the answer
substitution of the evaluation from a state extension of (\=(t1,%2),Q)yp | Syp to a
state extension of So|gyp is empty, we know that § = §” and, hence, ypd = vypd” =
ogypd" = 0G0s,y...sp.07P = Ox07p- Moreover, we obtain Spypd = Spypd” = Skyp.
o If 51 € NoUnifyFail(G) and sy = Succi(s1), i.e., we traverse a NOUNIFYFAIL
node, we have s1 = \=(t1,¢2),Q | S; KB and so = So|g; KB’ as defined in the
NOUNIFYFAIL rule. By the induction hypothesis we obtain o, s, 070 = ¥pd”
where 0" is the answer substitution of the evaluation from a state extension of
Solgyp to a state extension of Siyp and Skypd” = Siyp. We know by the sound-
ness proof of NOUNIFYFAIL that vp = o|gyp. As the answer substitution of the
evaluation from a state extension of (\=(t1,t2),Q)vp | Syp to a state extension
of Solgvp is empty, we know that § = ¢ and, hence, vpd = vpd" = ogypd”’ =
0G0ss...5,,07P = O 0Yp- Moreover, we obtain Syypd = Siypd” = Sivyp.

e If 51 € FqualsCase(G) and sy = Succy(sy), i.e., we traverse the left child of
an EQUALSCASE node, we have s = ==(t1,t2),Q | S; KB and sy = Qo |
So; KB’ as defined in the EQUALSCASE rule. By the induction hypothesis we ob-
tain o, s, 07p = Ypd” where ¢” is the answer substitution of the evaluation from
a state extension of Qoyp | Soyp to a state extension of Skyp and Skypd” = Skyp.
We know by the soundness proof of EQUALSCASE that yp = oyp. As the answer
substitution of the evaluation from a state extension of (==(t1,t2),Q)yp | Svp
to a state extension of Qoyp | Soyp is empty, we know that § = " and, hence,
vpd = ypd" = oypd” = 00s,. s..070 = Oroyp. Moreover, we obtain Spypd =
Skypd” = Skp.

o If 51 € UnequalsCase(G) and sy = Succa(sy), i.e., we traverse the right child of
an UNEQUALSCASE node, we have s; = \==(t1,t2),Q | S; KB and sy = So; KB’
as defined in the UNEQUALSCASE rule. By the induction hypothesis we obtain
Osy...5,07P = ypd”" where §” is the answer substitution of the evaluation from a
state extension of Sovyp to a state extension of Spyp and Spypd” = Spvyp. We
know by the soundness proof of UNEQUALSCASE that vp = o7vyp. As the answer
substitution of the evaluation from a state extension of (\==(t1,t2), Q)yp | Svp to
a state extension of Soyp is empty, we know that § = §” and, hence, ypd = ypd"’ =
oypd” = 00s,.. 5,070 = Ox0Yp- Moreover, we obtain Syypd = Siypd” = Sivyp.

e For all other cases we know that the evaluation has the empty answer substitution
from the state extension of Sjyp to the state extension of Seyp. By the induction
hypothesis we obtain o, s, 0vp = ypd” where §” is the answer substitution of
the evaluation from a state extension of Syvp to a state extension of Spyp and
Spypd” = Skyp. Then we have ypd = vpd” = 04, .s,.07p = 0x07p and Spypd =
Skypd”" = Skyp.

O
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Now, using the preceding results, we can simulate the traversal of a tree path by
the rewrite rules of the corresponding TRS. To this end, we first need the notions of
arelative derivation length (in order to show that the function value of ircg (¢, ) = ()
for a node s in a derivation graph G is at least as high as the length of a certain
derivation) and a full subgraph.

Definition C8 (Relative Derivation Length)
Let R be a TRS, R C R, and d = (t =4,y t1 —to—ry --- —0p—r, bk) e a
derivation w.r.t. R. Then the relative length RelLengthy, (d) is |{i | ¢; — r; € R'}|.
Moreover, for a composable derivation graph G which is decomposed into the
subgraphs G, ..., G according to Def. 10, a node s in G which is the root of G, a
multiplicative SPLIT node in G or a successor of a multiplicative SPLIT node in G,
and derivations d,...,d; such that there is a function f mapping each successor
of a multiplicative SPLIT node and the root to an index of one subgraph, we define

eple (dy, ..., dy) =

plT gy, (5)(d1s -y di) + CPIT gyeey () (d1s -y i), it s € mults(G)
RelLengthR(Gs)(df(s)) + o € mutts(@)na, cpleg(dy, ..., dy), otherwise.

Definition C'9 (Full Subgraph)

Let G be a derivation graph with nodes V and edges E (i.e., G = (V, E)) and let
s € V. Then we define the full subgraph of G at node s as the minimal graph
Gs = (Vi, Ey) where s € Vy and whenever s1 € V and (s1,52) € E, then sy € Vi
and (s1,$2) € Es.

We first show that subgraphs without INST edges (i.e., acyclic subgraphs) can
only represent evaluations whose length is bounded by a constant.

Lemma C'10 (Constant (Sub-)Graphs)

Let G be a derivation graph with k nodes, [Split(G)| = j < k, and Inst(G) = @.
Then for all @ € CON(root(G)), the evaluation of Q takes at most k% steps.
Moreover, any tree path 7 in G has size(r) < k?’.

Proof

Let Q € CON (root(G)). We perform the proof of the lemma by induction over the
number & of nodes in G. Note that size(m) is always at least as big as
numOfSuccesses ().

If k¥ = 1, then we must have root(G) = ¢; KB and ) = ¢ whose evaluation
takes 0 < 1 = 12° steps. Moreover, the only tree path in G is root(G) which has
size(root(G)) =1 =12".

If k > 1, then we assume that the evaluation of @) takes more than 0 steps and 7
consists of at least two nodes, since otherwise, there is nothing to show. We perform
a case analysis over s = root(G).

e If root(G) € Parallel(G), then we have root(G) = Sy | So; KB and Q = Q1 |
Q2 with Q1 # € and Qy # € such that Q; € CON(Succy(root(G))) and Q2 €
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CON (Succa(root(G))). Therefore, we have k > 4. As root(G) is not reachable from
its successors and no successor of 100t(G) can reach the other successor, we can
consider the respective subgraphs G; and Go at the successors of root(G). Let Gy
contain k' nodes and |Split(G1)| = j'. Then we have 0 < k' < k—1, Go has k—k'—1
nodes, and |Split(G3)| = j — 7/ > 0. Thus, we can use the induction hypothesis to
obtain that the evaluation of (); takes at most (k’)zj/ steps, any tree path my in Gy

has size(m1) < (k')2", the evaluation of Qo takes at most (k — k' — 1)2 7 steps,
and any tree path 7y in Gy has size(ms) < (k — k" — 1)~ . Furthermore, we show

two little helping propositions. First (x), for all a,b > 1, we have a + b < a - b. This

2<b
is shown by induction over a. If a = 2, then we have 2+b < b+b=2-b. If a > 2,
then we have

a+b = 1+ (a—1+0)
induction hypothesis
< 1+(a—1)-b
= a-b—>b+1
b>1
2 a-b.

Second (*x), for all a,b,c with 0 < b < a and ¢ > 0, we have b+ (a — b)° < a®. We
show this proposition by induction over ¢. If ¢ = 1, then we have b+ (a — b) = a. If
¢ > 1, we first consider the case ¢ = b = 0. Then we obtain 0 + (0 — 0)° = 0 = 0°.
Otherwise, we have a > 0 and obtain

b+ (a—0b)° = b+ ((b+(a—b)")—b)-(a—b)
induction hypothesis

b+ (a*' —b)-(a—b)

= b+at(a—b)—b-(a—D)

= b+ata—at-b—b-a+b?
= a*+b—b-a"' —b-a+b

= a®+b-(1-at—a+b)

c>1,a>0
< a+b-(1—1—a+0b)
a®+b-(b—a)
b<a
< a+b-0
= a‘.

Now we continue with the proof. If j = 5/ = 0, then we obtain that the evaluation
of @ cannot take more than k' + (k — k' — 1) = k — 1 < k steps. Moreover, we have
size(m) < k' + (k— k" — 1)+ 1 = k. Now consider j > 0. If ;' = 0, then we know
that the evaluation of ) has at most length

0<k’ <k—1,(*x)
<

K+ (k—k—1)7% (k—1)%

< k%
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Moreover, we have

size(m) < K+ (k—Fk — 1)2j +1
0<k’'<k—1,(xx)
<

(k—1)% +1
K

IN

If 5/ = j, then we obtain a length of at most

0<k’ <k—1,(xx)

)2 +(k—K —1) < K +k—K—1)7
= (k—1)%
< =g
and
size () < )2 +(k—K—1)+1

0<k’'<k—1,(xx) p
< (K +k—k-1)% +1

= (k—1)% +1
J

< k.

Finally, we have 0 < j' < j and know that the evaluation of @ cannot take more
than

0<k'<k—1 J—i
< 2

Y2 + (k- -1 k—2)% + (k—2)

k)>4,(*) 2j—j’

(k=2 - (k-2)
_ (k _ 2)2j’+21—j’

0<j"<j,(*) i’ ei—3j'
S (]i) o 2)2 -2
_ (k _ 2)2j’+j—j’
= (k —2)*

steps. Furthermore, we have

9i =i’

size(m) < () +h—K -1 11

0<k’'<k—1 Y i

< (k—2% + (k-2 41

k>4,(*) 3’ =i

< (k-2 -(k—2) " +1

= -2 4
0<j,<j,(*) i 0i—3j’

< (k=2 %" +1

= k-2 41

= (k-27+1

< k.
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o If root(G) € Split(G), then we have root(G) =t',Q"; KB and Q = t,Q" with t #
g and Q" # e such that t € CON (Succy(root(G))) and Q" € CON (Succes(root(Q))).
Therefore, we have k > 4. As root(G) is not reachable from its successors and no
successor of root(G) can reach the other successor, we can consider the respective
subgraphs G; and G4 at the successors of root(G). Let Gy contain k' nodes and
|Split(G1)| = j'. Then we have 0 < k' < k —1, j/ < j, G2 has k — kK’ — 1 nodes,
and |Split(Gs)| = j — 7/ — 1. Thus, we can use the induction hypothesis to obtain
that the evaluation of t takes at most (&’ )Qj/ steps, any tree path 7 in GG; has

size(m1) < (k)2 , the evaluation of Q" takes at most (k — k' —1)2 " " steps, and

9i—i' -1

any tree path m in G has size(ms) < (K — k' —1) .If 7 =0, then we obtain

that the evaluation of ) cannot take more than

o(k—K—1¥" < k2
_ kzj*1+1
~ ,
Jz 2

steps. Moreover, we have

271

size(m) < E-(k—kK-1)% +1
0<k'<k—1 k: kzj,l
; k2j_1+1
A

If 5/ = 7 — 1, then we obtain a length of

0<k’'<k—1 ij—l

K2 k—K -1 k

k21*1+1

=
and

size(T) < (k’)2j71 (k=K —-1)+1

0<k'<k—1 -1
EY ok

k21—1+1

£
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Finally, if 0 < j' < j — 1, then we know that the evaluation of @) takes at most

i 0<k'<k—1 o o
ot < (k—2)% - (k—2¥" "

i’ | 9i—i'—1
_ (k} _ 2)2 +2
0<j'<j—1,(%)

(k/)Zj/ . (lf _ k_l _ 1)21'7

(k B 2)2;'/.23'—]'/—1
_ (k — 2)21"+j—j’—1
< (k—2)%
< k%
steps and we have
size(m) < (k’)y/ (k—K — 1)2J‘_J/_1 +1
0<k'<k—1 i j—i'—
< k-2 (k-2 " 11

- (k—2)? +2 7"

9i’ .9i—i'—1

< (k—2) +1
_ (k — 2)2j’+j—j’—1 1
< (k—2)%

< k.

e Otherwise, the second state in the evaluation of @ is represented by one of the suc-
cessors of root(G). As root(G) is not reachable from its successors, we can consider
the subgraph at this successor which has at most & — 1 nodes. We use the induc-
tion hypothesis to obtain that the remaining evaluation takes at most (k — 1)2]
steps. Together with the first step, we obtain that the evaluation takes at most

» E>1 .
(k—1)¥ +1 < k% steps. For 7 we also know that its root can only have one
successor as branching is only possible in a tree path at PARALLEL or SPLIT nodes.

) J k>1 o
Thus we have size(n) < (k—1)% +1 < k%,
Ul

We need to be able to simulate arbitrary answer substitutions. This is shown in
the following lemma.

Lemma C'11 (Simulating Answers)

Let G be a derivation graph and Q = Sy € CON (root(G)) where @ does not
contain the goal [J. Then we have ren (root(G))y —R(G) ren°“(root(G),)d if
the i-th goal in @ produces the answer substitution § in finitely many steps.

Proof

We consider a finite prefix with length ¢ of the evaluation of Q. We perform the
proof by induction over the lexicographic combination of first £ and second the
edge relation of G restricted to INST, PARALLEL, and SPLIT edges. Note that this
induction relation is indeed well founded as the sum of the number of terms and
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goals in a state is strictly decreased by applying the rules PARALLEL or SPLIT
while it stays equal by applying the INST rule. So every infinite sequence of rule
applications with only these rules must eventually only use the INST rule. This is
in contradiction to the requirement that derivation graphs do not contain cycles
consisting of INST edges only.

If £ = 0, then the prefix of the evaluation does not produce any answer substitu-
tion and the lemma trivially holds.

If ¢ > 0, then we perform a case analysis over s = 100t (QG).

o If s € Inst(G), then we consider Succy(s) and 4" = w7y instead of s and v where
Q = Succy(s)y' (the latter follows from the soundness proof of INST). By the in-
duction hypothesis, we obtain that ren (Succy(s))y' —R(@) ren®“ (Succy (s),1)y'd.
By v/ = wy, ren™(s) = ren™(Succy(s))u, and ren°“ (s, i) = ren°“*(Succi(s),i)u,
we conclude ren (s)y —R(G) ren®“t(s,i)7d.
e If s € Parallel(G), then we have the rules

ren(s)
%
Us Sucey (s) (renm (Succl (S))? V(renm (8))),

ren™(s)
4)
Us,Sucea(s) (Tenin(SUCCQ (5))3 V(renln(s)))

in R(G). Moreover, we have for all j € {1,..., k1 } where Succy(s) has k; goals and
the j-th goal is no scope marker the rule

Us Sucey (s) (Tenout(succl (8)7 ])7 V(Tenm (8)))
%

,renout(

$,)
in R(G) and for all j € {1,...,ko} where Succa(s) has ko goals and the j-th goal
is no scope marker the rule

Us, Sucea(s) (Tenout(SUCCZ (S)a ])7 V(T@’flm (S)))
%
ren®“(s,j + k1)

in R(G). There are two cases.

If the i-th goal is contained in Succi(s), then we rewrite ren™(s)y to
Us, Suces (s) (ren™ (Suceq (s)), V(ren™(s)))y. By the induction hypothesis, we obtain
ren™ (Succy(s))y —R(G) ren®(Succy(s),i)yd. Thus, we have

Us, Suces (s) (ren™(Sucey (s)), V(ren™(s)))y
—R(G) 4
Us, Suces (s) (ren®“t(Sucey (s),4), V(ren"™(s)))yd
—R(G)

ren®“(s,i)yd.
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If the i-th goal of s is contained in Succa(s), let i’ be the index of this goal
in  Succe(s), ie, i = ki + 4. Then we rtewrite 7ren™(s)y to
Us, Suces (s) (ren™ (Suces(s)), V(ren'™(s)))y. By the induction hypothesis, we obtain
ren™ (Succa(s))y —R(G) ren®“t (Succa(s),i')yd. Thus, we have

Us, Suces(s) (ren™ (Sucea(s)), V(ren™ (s)))y
—R@)
Us, Suces (s) (ren " (Sucea(s), 1), V(ren™(s)))0
TR(G)
ren®“(s,i’ + k1)yd = ren°%(s,4)70.

o If s € Split(G), we have S = ¢,Q" and the rules

ren(s)d’
%
Us, Suce (s) (ren®™(Sucey (s)), V(ren™(s)))d,

Us, Suce, (s) (ren® (Sucey (s), 1), V(ren™(s)))d
%
USuce, (s), Suces (s) (Ten"™ (Succa(s)), (V(ren™ (s)) UV (ren* (Sucey (s),1)))d’), and

USucey (s),Suces (s) (T€n " (Sucea(s), 1), (V(ren™ (s)) U V(ren® (Succy (s),1)))d")
%
ren®(s,1)¢’

where ¢’ is the substitution associated to s in R(G). Since § is an answer substi-
tution for the whole goal, there must be a corresponding answer substitution §”
for ty. By Lemma A 10 we know that there is a o' with v6” = §’y’. So we can
rewrite ren*™(s)y to us,gmcl(s)(renm(Succl(s)),V(renm(s)))é"y’. By the induction
hypothesis and Lemma A 10, we obtain  ren" (Succi(s))d’y —R(G)
ren®“(Succy(s),1)6’y’. Thus, we have

Us, Suce: (s) (ren™ (Sucei (s)), V(ren™ (s)))d"y'
—R(G)
Us, Sucey (s) (ren®(Sucey (s), 1), V(ren'™(s)))0"'

. TIR(G)
usuccl(s)“guw?(s)(1"671“1(Succz(s)),(V(renZ (s)) U V(ren®“t(Succi(s),1)))d")y
Again, by the induction hypothesis we obtain ren™(Succa(s))y’ Hj;z(c)

ren®(Succa(s),1)8” where § = §”6". Together, we obtain

uSuccl(s),SuCCQ(s)(renm(SUCCQ(S))v(V(reni ( )) UV(T’@’Ilom(Succl( ) )))6/) '
“R(G)
USucer (), Sucea (s) (ren " (Succa(s), 1), (V(ren'™(s)) U V(ren*(Sucey (s),1)))8" )y 6"
—R(G)
ren®(s,1)8'y/ 8" = ren°“(s,1)v8" " = ren®“(s,1)7d.

e Otherwise, we consider the nodes from s to the first node s’ € Suc(G)U Inst(G)U
Parallel(G) U Split(G) U Suceq (Inst(G)) reached by the evaluation of Q. If no such
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node as s’ exists, then @ cannot produce any answer substitutions and the lemma
trivially holds. Thus, we consider the case that such a node s’ exists. Then we
directly have that the path from s to s’ is a connection path 7. in G. Thus we
have the rule ren™ (s)oy, o — us ¢ (ren™(s"), V(ren™(s)))ox. 0) in R(G) and for all
j€{l,...,k} where ' has k goals and the j-th goal is no scope marker, we have
the rule

us,s (ren®(s', j), V(ren™(s)))ox, j—1)
%

ot (s, skip(me, 7))o i1

ren

in R(G). By Lemma C7, we know that o, is an instance of the answer substitu-
tion along 7. In particular, we know that ren*(s)o,_ o matches t by v and we can
rewrite ¢ to us ¢ (ren™(s"), V(ren'™(s)))ox. 0)7. For the i-th goal of s producing an
answer substitution, there must be a corresponding j-th goal in s’ producing an
answer substitution ¢’. We use the induction hypothesis for s’ to obtain that the
term ren'™(s')y rewrites to the term ren°“(s’, j)vd’. Thus, we have

us, s (ren'™(s"), V(ren™ (s)))or0)7  —r(e)
Us o (ren® (s, §), V(ren™ (5)))or, 0)70 —grie)  ren®(s,i)y0's"
where § = §'48".
[

As we can simulate answer substitutions, we can also simulate tree paths and,
hence, evaluations.

Lemma C'12 (Simulating Tree Paths)

Let G be a decomposable derivation graph which is decomposed into k£ subgraphs
according to Def. 10, r00t(G) = s = S; KB, R(G) # &, and 7 be a tree path in G
for a prefix of the evaluation of a query @ = Sy € CON (s) with the properties from
Lemma C4 for the tree path 7. Then the term ¢ = ren™(s)y is a basic term w.r.t.
R(G) and starts k derivations di = (t —r(q) - - —r(@) t1);--de = (t =r()
... =Rr(q) tx) such that size(m) € O(cplr (dy, ..., di)).

Proof

We first show that t is a basic term w.r.t. R(G), i.e., there is a rule f(a1,...,a;) —
r € R(G) with f = root(t) and ¢t does not contain any defined symbols at a non-
empty position. The latter is obviously true since in R(G), we only used fresh
function symbols. So ) cannot contain them and, hence, v cannot replace the
variables in ren™ (root(G)) by terms with such symbols. For a rule as desired to
be in R(G), we need a connection path starting in root(G) or root(G) being a
PARALLEL or a SPLIT node. Then the other condition is easily seen by inspection of
ConnectionRules, ParallelRules, and SplitRules. So assume we have no connection
path starting in 700t (G) and root(G) is neither a PARALLEL nor a SPLIT node. Then
there is no node in Inst(G)U Suc(G)U Parallel(G)U Split(G) U Suceq (Inst(G)) which
is reachable from root(G). This again means that no start node for a connection
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path and no PARALLEL or SPLIT node exists in G. Thus, we would have R(G) = @
which contradicts our assumptions and, hence, proves that ¢ is a basic term w.r.t.
R(G). We are left to show that ¢ starts k derivations dy,...,d; w.r.t. R(G) such
that size(m) € O(cpl oo1(cy(d1, - - -, di)). We perform the proof of this proposition
by induction over size(r).

For size(m) = 0, we trivially have size(m) € O(1) C O(1+ cplz o4 () (das - - -, di))
= O(eplz roor(cy (ds - - -, i)

For size(m) > 0, we perform a case analysis on the first node s = r00t(G) in 7.

o If s € Inst(G), we know that ren™(s) = ren (Succy(s))u where 1 is associated to
s. Thus, we have t = ren'(s)y = ren™ (Succy (s))uy. By Lemma A 11, we know that
Q € CON (Succy(s)). Thus, we can consider the full subgraph G’ at Succ; (s) instead
of G for which the root of the only direct subtree 7’ of 7 is the root node and apply
the induction hypothesis to obtain that size(r') € O(cplr oy (cr)(di, - - -, dx)). We
conclude that size(m) = size(r') + 1 € O(epl,popary(diy... di) + 1) =
O(epl ooy (dis - -+ di)) C O(epl poop(y (ds - - -, i)

e If s € Parallel(G), we have the rules

ren(s)
%
Us, Suces (s) (ren®™(Sucey (s)), V(ren™(s)))

and

ren(s)
%
Us, Succa(s) (renin(S’U/CCQ (S))’ V(Tenln(s)))

in R(G). Let m; denote the first direct subtree of m and 72 denote the second one
if it exists. There are two cases.
If  only has one direct subtree or if size(m;) > size(ms), then we have ren™(s)y
—R(G) Us,Suce, (s) (ren™ (Sucei (s)), V(ren™(s)))y. Thus, we use the induction hy-
pothesis for Succi(s) to obtain k derivations di,...,d) with size(m) €
O(eplr gyee, (5)(dh, - - - dy)). Adding the first rewrite step to all k& derivations, we
obtain the derivations dy,...,d; with size(m) < 1+ 2 - size(m) € O(1 + 2 -
ePlT gyee, (5) (A - dy)) = O(eplr gyee, (5)(dhs - - ) € O(eplr(dy, . .. ,dk))..
If 7 has two direct subtrees and size(m) < size(ms), then we have ren'(s)y
—R(@) uS,SUCCQ(S)(renm(Succz(s)),V(renm(s)))’y. Thus, we use the induction hy-
pothesis for Succa(s) to obtain k derivations di,...,d) with size(ms) €
O(eplr gyeey(5)(dhs - - - dy)). Adding the first rewrite step to all k derivations, we
obtain the derivations dy,...,d; with size(m) < 1+ 2 - size(m) € O(1 + 2 -
CpleUCCQ(S)(dll’ T d;c)) - O(CpleuccQ(s)<d/17 ce vd;c)) - O(Cpll’s(dl, te 7dk))'
o If s € Split(G), then we have the rules
ren'™(s)é
—
Us, Succy (s) (renin(succl(s))é? V(T€nln(8))(5),

Us, Suce, (s) (ren® (Sucey (s), 1)0,V(ren™ (s))d)
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%
uSuccl(s),Succz(S)(renin(Succ2(8))7 (V(Tenln(s)) U V(renout(succl(s)a 1)))5)7 and

USuces (s),Suces (s) (T€n " (Sucea(s), 1), (V(ren™(s)) U V(ren® (Succy (s), 1)))0)
%
ren®%(s,1)0

where ¢ is the substitution associated to s in R(G). Let m denote the first di-
rect subtree of m and mo denote the second direct subtree of m if it exists. By
Lemma C7 and Lemma A 10, we know that there is a 4" such that ren'™ (s)y —R(@)
Us, Suce, (s) (ren™ (Sucey (s))0, V(ren'™ (s))8)y'.
If © has only one direct subtree, then it must start with Succy(s) and we use the
induction hypothesis on it and the term ren®(Succy(s)d to obtain k derivations
1+ -+ dj, such that size(m1) € O(cplr gyee, (5)(d1, - - -5 d})). Adding the first rewrite
step to all k derivations, we obtain the derivations dy,...,dy with size(r) < 1+
2 - size(m1) € O(1+ 2 eplrgyee,(s)(d1s- - d})) = O(cplrgyee, (5)(dis- -, dy)) S
O(eple(dy, ..., dg)).
If size(m1) > numOfSuccesses(my)-size(ma), the proof is analogous to the case where
7 has only one direct subtree.
So let size(m1) < numOfSuccesses(my)- size(m2). By Lemma C 11 we obtain a deriva-
tion ren™ (Succy(s))dy' —R(G) ren®“* (Succy(s),1)dv'. Hence, we have

Us, Succy (s) (renin(succl(s))(sa V(renin (S))a)fyl
“R(@) |
Us, Sucey (s) (ren‘”‘t(Succl (5)7 1)67 V(Tenln(s))(;)r}/

_ TR(G)
USuces (), Suces (s) (ren'™ (Succa(s)), (V(ren'™(s)) U V(ren®(Succy(s),1)))d)y'.

If s is not multiplicative, i.e., numOfSuccesses(my) is bounded by a constant ¢, then
we use the induction hypothesis on Succa(s) and the term ren*™(Succa(s))y' to
obtain k derivations d, ..., d; with size(m2) € O(cplr gyee,(s)(dys-- -, d})). Adding
the derivation from ren'™(s)y t0 Ugyce, (s),Suces(s) (Ten"™ (Succa(s)), (V(ren'™(s)) U
V(ren®“*(Succy(s),1)))d)y" to all k derivations, we obtain the derivations dy, ..., dg
with size(m) < 1+ 2-c-size(m2) € O(1 + 2 ¢ cplrgye,(s)(d,. .., dy)) =
O(eplr gyeey (5)(dhs - - - dy)) € Oeplr(dy,. .., dy)).

If s is multiplicative, then we use the induction hypothesis on both Succq(s) and
Succa(s) to obtain the derivations d¢, ..., d¢ for ren™(Succi(s))6y" and df, ..., d%
for ren™(Succa(s))y" with size(m1) € O(cplrgyee,(s)(df,. .., d})) and size(ms) €
(’)(cplxsuccz(s)(d’{,...,dz)). As G is decomposed into k subgraphs, only &' < k
subgraphs can be reached from Succy(s). We choose those k' indices corresponding

to these subgraphs to take k' derivations from df,...,d} and the other ones from
d3,...,d% after adding the derivation from
ren™ (s)y
to

Us,Succy (s) (renin(succl (8))55 V(Tenin (S))é)fyl

to the k' derivations and the derivation from
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ren'™(s)y
to
uSuccl(s),SUCCQ(S)(renin(SU’CCQ(S))v (V(Tenln(s)) U V(renO“t(Succl(s), 1)))5)7/

to the other ones. Thus, we obtain k derivations dy,...,d; with size(n) < 142 -
size(my) - size(m2) € O(1 + 2 - Pl gyee, ()(dfs -, d}) - Pl gyeey (o) (dY, ..., d})) =
O(eplr gyee, (5) (AT - - - dy) - cplxsucw(s)(d?, ey d?)) C O(eplz (da,y ..., dy)).

e Otherwise, we consider the nodes in 7 from s to the first node s’ € Inst(G) U
Parallel(G) U Split(G) U Sucey (Inst(G)). If no such node s’ exists, then 7 has only
one branch and is contained in a subgraph of G without any INST nodes. By
Lemma C 10, we know that then size(r) € O(1) C O(1 + cplz,poy ) (d1, - - - 1 di)) =
O(epl oo1(y(di, - - -, di)). Thus, we consider the case that such a node s’ exists.
Then we directly have that the path from s to s’ is a connection path m. in
G. Thus, we have the rule ren™(s)or, o — uss(ren™(s"),V(ren™(s)))or, 0) in
R(G). By Lemma C7, we know that o, is an instance of the answer substi-
tution along 7.. In particular, we know that ren™(s)o,.o matches ¢ by v and
we can rewrite ¢ to us g (ren™(s'),V(ren"(s)))or, 0)7. We use the induction hy-
pothesis for 7’ which is the subtree from s’ of m and the full subgraph G’ at s’
to obtain that the term ren™(s')y starts k derivation di,...,d} with size(n’) €
O(epl ooy (dys - - -, dy)). Together with the first rewrite step, we obtain size(m) =
el 1-8i26(7") € O(e| 14+ bl pgr oy (dhs - -+ d})) = O(€DIE iy (i - )
C O(eplz oor(y(das - -, dy))-

O

We can now state the central theorem of this paper where we prove that the
complexity of the resulting relative complexity problem is an asymptotic upper
bound for the comeplexity of the original Prolog program w.r.t. the specified set of
queries.

Theorem C'18 (Complexity Analysis for Prolog Programs)
Let P be a Prolog program, p € 3 be a predicate, m be a moding function, and G
be a decomposable derivation graph built for P and the class of queries QP . Then

we have prep g (1) € O(cplt o1y (1))-

Proof

Let Q = p(t1,...,t;) € QP with |Q|, < n such that the evaluation of @ takes
¢ steps and / is maximal, i.e., prcp ge (n) = £. By the construction of derivation
graphs, we know that root(G) = s = p(Th,...,Tk); (G, F,U), there is a v with Q =
p(Th,...,Tx)y € CON(S;(G,F.U)) and G = {T; | m(p,i) = in}. Thus, we know
that |[ren”(s)y| = |Q|m. By Lemma C4 we obtain a tree path 7, for the evaluation
of @ with ¢ € O(size(m)). It R(G) = &, then there is no PARALLEL or SPLIT node in
G and no connection path in G. In particular, we cannot reach any INST node from
s. By Lemma C10, we conclude that ¢ € O(1) C O(1 + eplz(n)) = O(eplr (n)).
Thus, we consider the case R(G) # 9. By Lemma C 12, we know that ren'(s)y
is a basic term w.r.t. R(G) and starts k derivations dy, ..., d; with the rules from
R(G) such that size(my) € O(eplz,(dy, ..., d;)) C O(eplz,(n)). Together, we obtain
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prep ge (n) = £ € O(size(m,)) € O(cplrg(dy, ..., dr)) € O(cplrg(n)) and, hence,
our theorem. [J
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Appendix D Proving Correctness of the Determinacy Criterion

Finally, we have to prove our result on the determinacy criterion. We first show a
simple lemma.

Lemma D1 (No Success without SUC Nodes)

Let G be a derivation graph. Let s be a node in G which does not reach any SUC
node in G. Then for any concretization of s, its evaluation does not produce any
answer substitutions.

Proof
Let v be a concretization w.r.t. s = S; KB. We perform the proof of the lemma
by contradiction, assuming that from S+ in ¢ steps we first reach a node where the
Suc rule is applied, and by induction over the lexicographic combination of first
the length ¢ of the evaluation of S+ and second the edge relation of G restricted to
INST, PARALLEL, and SPLIT edges. Note that this induction relation is indeed well
founded as the sum of the number of terms and goals in a state is strictly decreased
by applying the rules PARALLEL or SPLIT while it stays equal by applying the
INST rule. So every infinite sequence of rule applications with only these rules must
eventually only use the INST rule. This is in contradiction to the requirement that
derivation graphs do not contain cycles consisting of INST edges only.

For ¢ = 0, we trivially have that the number of answer substitutions produced
for S~ is 0.

For ¢ > 0, we perform a case analysis on s:

o If s € Inst(G), then we know that there is a variable renaming p such that
Svp € CON (Succyi(s)). As the number of answer substitutions is independent of
variable renamings, we can use the induction hypothesis directly to obtain the
lemma.

o If s € Parallel(G), then we either have that the evaluation of Sy reaches a
concrete state in CON (Succa(s)) or not. If not, then we know by Lemma A 9 that
all goals in Succa(s) (possibly except for the last one if it is a scope marker) must be
dropped due to a cut. Then there is a concrete state S’ € CON (Succy(s)) such that
its evaluation is identical to the one of Sy (possibly except for the last FAILURE
step which might be missing for S”). Thus, we can use the induction hypothesis
for Suceq(s) (we have traversed a PARALLEL edge) and directly obtain that the
evaluation produces 0 answer substitutions. If the evaluation of S+ does reach a
concrete state in CON (Succa(s)), however, we obtain by the induction hypothesis
that the evaluations of the corresponding backtracking goals in the two successors of
s do not produce any answer substitutions (we can apply the induction hypothesis
as the evaluation parts for the two successors of s are both shorter than the complete
evaluation). Thus, the evaluation of S+ produces 0 4+ 0 = 0 answer substitutions.
e If s € Split(G), then we have S = t,Q and we know that the evaluation of ¢y is
at most as long as the one of S~. Thus, we can use the induction hypothesis on the
first successor of s (there we have one less SPLIT edge to traverse) and obtain that
no answer substitution is produced for ty. It follows immediately that then S+ can
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also produce no answer substitutions (since @ is only called if ¢y succeeds, which
is not the case).

e Otherwise, we applied a rule to s where the next concrete state of the evaluation is
represented by one successor of s. We obtain the lemma by the induction hypothesis.

O
The determinacy criterion must be extended in the presence of PARALLEL rules.

Definition D 2 (Determinacy Criterion)
A node s in G satisfies the determinacy criterion if condition (a) or (b) holds:

(a) All successors of s satisfy the determinacy criterion. Moreover, if s € Suc(G),
then there is no non-empty path from s to some SUC node in G. Furthermore,
if s € Parallel(R), then at most one successor of s can reach some SUC node in
G and if some SUC node is reachable from s, then there is no non-empty path
from s to itself in G.

(b) The node s is a SPLIT node and at least one of Succy(s) or Succa(s) cannot
reach a SUC node in G.

Note that this definition in fact corresponds to Def. 14 when no PARALLEL nodes
exist in G. Now we are ready to prove the correctness of the determinacy criterion.

Theorem D 3 (Soundness of Determinacy Criterion)

Let G be a derivation graph. Let s be a node in G which satisfies the (extended)
determinacy criterion of Def. D 2. Then for any concretization of s, its evaluation
results in at most one answer substitution. Thus if s’ is a SPLIT node and Succy (s”)
satisfies the determinacy criterion, then s’ is not multiplicative.

Proof
Let v be a concretization w.r.t. s = S; KB. We perform the proof of the first part
of the theorem by contradiction, assuming that from S+ in ¢ steps for the second
time we reach a node where the SuC rule is applied, and by induction over the
lexicographic combination of first the length ¢ of the evaluation of S+ and second
the edge relation of G restricted to INST, PARALLEL, and SPLIT edges. Note that
this induction relation is indeed well founded as the sum of the number of terms
and goals in a state is strictly decreased by applying the rules PARALLEL or SPLIT
while it stays equal by applying the INST rule. So every infinite sequence of rule
applications with only these rules must eventually only use the INST rule. This is
in contradiction to the requirement that derivation graphs do not contain cycles
consisting of INST edges only.

For ¢ = 0, we trivially have that the number of answer substitutions produced
for Svis 0 < 1.

For ¢ > 0, we perform a case analysis on s:

o If s € Inst(G), then we know that there is a variable renaming p such that
Svp € CON (Succyi(s)). As the number of answer substitutions is independent of
variable renamings, we can use the induction hypothesis directly to obtain the first
part of the theorem.
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e If s € Suc(@G), then we know that the evaluation must start with one application
of the SuC rule resulting in a concrete state S’ and producing one answer substi-
tution for this step. Moreover, we know that S’ € CON (Succi(s)). By Def. D2 we
know that Suceq(s) cannot reach any SuC node. Thus, we obtain by Lemma D1
that the evaluation of S” does not produce any additional answer substitutions and,
hence, it follows that the evaluation of Sy produces exactly one answer substitution.
o If s € Parallel(G), then we either have that the evaluation of Sy does reach a
concrete state in CON (Sucea(s)) or not. If not, then we know by Lemma A 9 that
all goals in Succa(s) (possibly except for the last one if it is a scope marker) must be
dropped due to a cut. Then there is a concrete state S’ € CON (Succy(s)) such that
its evaluation is identical to the one of Sy (possibly except for the last FAILURE
step which might be missing for S”). Thus, we can use the induction hypothesis
for Succy(s) and directly obtain that the evaluation produces at most one answer
substitution. If the evaluation of S« reaches a concrete state in CON (Succa(s)),
however, we can use the knowledge that s cannot reach itself or it cannot reach
any SUC node. If s cannot reach any Suc node, so do both successors of s and
we obtain by Lemma D1 that the evaluations of the corresponding backtracking
goals do not produce any answer substitutions. Thus, the evaluation of S+ produces
040 = 0 answer substitutions. If s cannot reach itself, Succy (s) and Succa(s) cannot
reach s, either. Moreover, we know that only one successor of s can reach a Suc
node. W.l.o.g. let Succy(s) reach a SUC node (the other case is symmetric). By the
induction hypothesis, we obtain that the evaluation of the backtracking goals in
Sucey (s) produce at most one answer substitution while we know by Lemma D1
that the backtracking goals in Succa(s) produce no answer substitution. So the
total number of answer substitutions for S+ is at most 1.

e If s € Split(G), then we have S = ¢, and we know that the evaluation of ¢y
is at most as long as the one of S7v. Thus, we can use the induction hypothesis
on the first successor of s and obtain that at most one answer substitution ¢ is
produced for ¢v. Hence, in case the evaluation reaches a state QQ~d, this state is
represented by Succa(s) as we know by Lemma A 10. The induction hypothesis
is therefore applicable to Succa(s) as well and we obtain that the evaluation of
@79 also produces at most one answer substitution. Together, the evaluation of S~
produces at most one answer substitution as the numbers of solutions for ¢y and
@76 have to be multiplied. If already ¢y does not produce any solutions, so does S~
and the first part of the theorem holds. If s cannot reach any Suc node, we know
by Lemma D1 that Sy produces no answer substitutions.

e Otherwise, we applied a rule to s where the next concrete state of the evaluation
is represented by one successor of s and no answer substitution is produced in that
step. We obtain the first part of the theorem by the induction hypothesis.

For the last part of the theorem, we now know that Succy (s') produces at most one
answer substitution, i.e., the number of answer substitutions for the first successor
of s’ is bounded by a constant. Hence, s’ is not multiplicative. [J
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